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INTRODUCTION AND SPECIFIC OBJECTIVES 
Rapid sand filters have been commonly used for clarifying dilute 
liquid suspensions in municipal water supply for over 80 years. 
Throughout the earlier years of their use, the development and improve­
ment of rapid sand filters had been evolved by trial-and-error 
innovations without a basic knowledge of the mechanisms involved in 
filtration by a porous sand bed. Many studies made during recent 
years have shown that a rapid sand filter involves many dynamic, complex 
mechanisms in which the removal of particulate matter from water is a 
depth and time related phenomenon. 
As a result of the advancement in the coagulation and sedimentation 
processes, water treatment plants have been able to reduce appreciably 
the particulate load in the filter influent. In many well-operated 
rapid sand filter plants, it is quite common to have a filter influent 
turbidity of one unit or less. When one considers the maximum con­
taminent level of turbidity (one NTU) for public water supplies, it is 
obvious that such filters are merely functioning as a final polishing 
treatment for the water. The benefit to cost ratio for this final 
polishing is proportionately low since the filters, which are expensive 
to construct and operate, are doing the least work. 
Conversely, many treatment facilities are required to treat waters 
that are diverse in their characteristics due to the complexity of 
contamination from industrial and agricultural sources. Nevertheless, 
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they must meet stringent treatment specifications. Old conventional 
treatments are not necessarily adequate to handle economically and/or 
effectively the burden of removal of those newly introduced contaminants. 
In recent years , more and more attention is being turned towards 
filtration research. The use of high rate and declining rate filtra­
tion, direct filtration, diatomaceous earth or precoat filtration, the 
preconditioning of filter media, multimedia filtration and polymeric 
filtration aids are examples of the recent improvements on the process 
of filtration. 
Extensive investigations and an enormous amount of effort were 
carried out to develop a clear understanding of the process and the 
feasibility of the contemporary techniques. These investigations are 
necessary to help the design engineer cope with increasing variation in 
raw water characteristics and understand the new filtration technology 
and equipment. 
The last four decades have witnessed very intensive efforts to 
develop the basics of the theory of filtration. Research workers in­
cluding Ives, Lerk and Heertjes in England, Mints and Shekhtman in 
Russia, Mackrle and Mackrle in Czechoslovakia, Deb and Sakthivadivel 
in India, and Camp, O'Melia, Cleasby, Baumann and Stumm in the United 
States, are among those who elaborated on the filtration theory and 
have presented process mathematical models. However, the theorists 
have disagreed among themselves to the extent that the reliability or 
practicality of the models is still questionable. 
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One fairly recent development in the field of porous media 
filtration is the utilization of the bed for the purpose of coagula­
tion, flocculation, and floe removal. The new process is called 
"contact flocculation" due to the occurrence of flocculation of particles 
while they are in contact with the bed grain surfaces or while flowing 
inside the bed. The process combines the characteristics of both 
flocculation and filtration. Therefore, any representative model 
should include the contribution of each of the two processes. 
In the literature, there seems to be as many theories of filtration 
or flocculation as there are filtration research workers. However, 
according to the current state of knowledge there is no theoretical 
work cited anywhere concerning bed flocculation mechanisms or a 
mathematical model representing them. It is almost impossible, at 
least for the time being, to develop a theory of this process without 
prior gathering of specially designed experimental observations under 
controlled laboratory conditions. 
Therefore, the objectives of the current study include: 
1. To conduct an experimental investigation of the new process. 
2. To establish a new theory of granular media simultaneous 
contact flocculation and filtration. 
3. To develop mathematical formulas describing the process 
pressure drop and the root mean square of velocity 
gradient in the bed. 
The introductory part of the study includes a literature review 
which will highlight some of the theoretical and practical aspects of 
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the processes. The literature covers the following sections; 
1. Process mechanisms 
a. Filtration mechanisms 
b. Contact flocculation mechanisms 
2. Hydraulics of flow through granular media flocculator 
3. Process theoretical literature 
a. Theoretical aspects of filtration 
b. Theoretical aspects of granular media contact flocculation. 
The literature review presented in the introductory section covers 
such subjects that are directly or indirectly related to the specific 
objectives of this thesis. The main reason for such a comprehensive 
coverage is to provide the reader with a complete summary of the past 
achievements and to show the current status beyond which the contri­
butions of the current research begins. 
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PROCESS MECHANISMS 
Filtration Mechanisms 
The phenomenon of particle removal occurs when a suspension is 
filtered through a granular bed. This results from at least two 
different groups of mechanisms, acting simultaneously and independently. 
These are: transport mechanisms and attachment mechanisms. Basically, 
the process of removal occurs via two steps: a transport step and an 
attachment step. 
Particle transport is a physical hydraulic process and is affected 
by parameters which govern mass transfer. Particle attachment is 
basically a chemical process, and is influenced by both physical and 
chemical parameters. 
In spite of the complexity of the process of flow through porous 
media, it is widely accepted that within the practical limits of 
physical operating variables the flow is laminar and is of the 
Poiseuille type. Therefore, the fluid velocity at grain surfaces is 
zero, and is maximum at the center of pore spaces between the grains. 
The role of a transport mechanism is to bring the particles away 
from their streamlines, and into the vicinity of the grain surface 
where the flow effect is minimum and attachment mechanisms are active. 
These transport mechanisms can be classified as: 
1. Straining 
2. Sedimentation 
6 
3. Inertial Impingement and centrifugal collection 
4. Diffusion and Brownian movements 
5. Hydrodynamic 
6. Interception and chance contact. 
Straining 
For a long time it has been believed that filtration is a pure 
surface phenomenon and that straining at the entering face of the media 
should be as negligible as possible for successful operation (82, 90, 
98). If filters are preceded by adequate pre-treatment, only small 
particles will reach the filter, thus providing no chance for straining. 
The result of straining is development of a surface mat which causes 
head loss to rise up rather rapidly, resulting in short filter runs. 
The rate of head loss progress for surface straining is described by 
Boucher's law (57), which is a power law function of time. 
Regardless of its disadvantages, particle removal by straining 
mechanisms will always occur as long as there are particles too large 
to enter the pores of a filter, or large enough to span crevices in 
the pore structure (7, 35, 57). Hall postulated an interstitial 
straining theory stating that 
r' = (É2)3/2 
where r' is the rate constant for removal by straining and dp, d are 
the particle and grain diameters, respectively (35). 
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Sedimentation 
Hazen (36) was the first investigator to postulate the similarity 
between void spaces in the filter and settling basins. He was 
concerned with slow sand filtration , where particles as small as 
0.0003 mm in diameter are removed by the effect of their settling 
velocity. The proposed sedimentation mechanism by Hazen was later 
supported by other investigators (19, 28, 35, 49, 98, 99). 
Hall (35) proposed a gravitational-sedimentation theory based on 
the relative ratio of fluid velocity (V^), and particle settling 
velocity due to the effect of gravity (V^). According to Stoke's law 
2 
of sedimentation in which is proportional to dp , Hall proposed 
that the probability of removal due to sedimentation, r" follows the 
equation: 
r" = C m 
s 
2 
where m is the coefficient of dp and C is experimentally found to be 
0 .1 .  
In water filtration , most of the suspended particles are of higher 
density than water. Consequently, they are subjected to the effect of 
sedimentation. Even those particles that are less dense than water can 
settle inside the voids if they are close enough to the grain surface, 
where the fluid velocity is zero. Solving the equations governing the 
sedimentation of particles influenced by gravity in a laminar flow, Ives 
(59) proposed a dimensionless group, called the gravitational parameter 
V 
G = Inserting Stoke's Law for V , the following is obtained for 
P s 
G 
P 
(Pg - P) 2 
Gp " 8 igp V 
where Pg, Pare the mass densities of the particle and the fluid 
respectively, and is the approach velocity of filtration. Ives (59) 
proposed that for a constant Reynolds number, R^, the efficiency of 
removal is found to vary with G^ to the power of 1.3. 
Inertial impingement and centrifugal collection 
In laminar flow through granular media, particles are carried 
by the stream lines in a sinuous pathway around the spherical grains. 
Because of inertia, particles with sufficient momentum tend to prac­
tice downward movement and impinge on the sand grains. As presented by 
Ives (54),the inertial parameter, M, is: 
M = Pg dp^ Vg/9vid 
Due to the fluid viscosity, small particle sizes, and low flow 
rates, the inertial mechanism is of negligible effect in water filtra­
tion (68). Herzig et al. (42) demonstrated that the centrifugal 
force exerted on the particles in a stream of fluid flowing around a 
grain is 1/100 to 1/10,000 of the gravitational force, for typical flow 
rates and grain sizes. 
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Diffusion and Brownian movement 
In 1963, Hunter and Alexander (47) studied the diffusion of small 
particles into the surface of media where the flow velocity is 
diminished. They proposed a mechanism for diffusion which is due to 
the concentration gradient initially present between the center of the 
capillary, and the pore boundary. Diffusion was observed regardless 
of the repulsive forces between the negatively charged particles and 
grains. However, in water filtration several investigators have found 
that the effect of diffusion on the transport of large particles is 
negligible (52, 80, 98). 
The effect of Brownian movement as a transport mechanism has been 
studied by several investigators (53, 56, 62). In water filtration, the 
atmosphere of the dipole water molecules causes small suspended 
particles to move randomly into close proximity with grain surfaces. 
Particle translation due to Brownian diffusion (10) is equated as 
follows : 
2k T t 1/2 
in which x is the mean translation that a particle of diameter dp 
would practice in time t, k is Boltzmann's constant, and T^ is the 
absolute temperature. In water filtration, Ives (57) proposed that 
the Brownian diffusion mechanism is characterized by the dimensionless 
Peclet Number, P where 
10 
kT 
P = (-= —) 
n ^Stt pdp/ 
The efficiency of removal due to Brownian motion was experimentally 
investigated (49), and was found to be inversely proportional to the 
flow rate and also to the square of fluid viscosity. In general, it 
is agreed that only particles less than 1 ym in size will be transported 
by this mechanism. Within the range of water viscosity, flow rates, 
and suspended particle sizes encountered in typical filtration 
applications, the effect of Brownian motion is practically insignificant 
(42, 52, 62, 98). 
Hydrodynamics 
In laminer flow, the velocity distribution at any section is para­
bolic. Particles that are carried by the flow streamlines are sub­
jected to rotational and lateral drifts due to the difference in shear 
forces acting on their boundaries. If a particle is not spherical or 
continuously changes its shape in a shear field that is not uniform or 
stationary, the effect of the lateral movement is further accentuated. 
The net result of these hydrodynamic forces is a random helical motion, 
which in some instances will bring the particle to the media surface. 
The effect of this hydrodynamic mechanism is characterized by the 
PVgd 
dimensionless Reynolds Number, R^ = ——, and was experimentally found 
(49) to vary as 
Interception and chance contact 
There are additional removal chances for those particles that are 
flowing in a stream line at a separation distance < away from the 
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grain surface. The. mechanism of removal is purely interception, and 
is characterized by the dimensionless parameter L = ^  . Ison and Ives (48) 
postulated that if the other parameters are unchanged the effect of 
the interception parameter on removal efficiency is proportional to 
(L)2'3. 
Stein (99) studied the mechanisms of particle removal at con­
strictions in a tube because of the close similarity to a sand bed. The 
author proposed that chance contact due to the convergence of fluid 
, 2 
streamlines is proportional to —^ . 
d"^ 
Attachment mechanisms 
Particles frequently present in raw water to be filtered exhibit 
surface charges. The existence of these charges is due to one or more 
of the following reasons (80): 
1. Ionization of molecules at the particle surface. 
2. Imperfections or isomorphic substitution in the crystal lattice, 
with the result that the surface charge density is fixed and 
constant. 
3. Direct chemical reactions with specific ions in solution, 
(chemisorption). 
4. Physical adsorption of ions from solution (an example is 
hydrogen bonding). 
Filter media commonly used in water filtration exhibit negative 
surface charges (40, 47, 80). The net interaction between the surface 
charges influences particle attachment to a great extent. 
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As discussed earlier, particle transport is controlled by the 
flow, suspension, and media physical variables. In contrast, during the 
attachment step the process is predominantly controlled by the surface 
properties of the materials involved. The surface interactions en­
countered are often described as the net result of attraction produced 
by hydrogen bending or van der Waals forces, and electrostatic re­
pulsion of the coulombic type. The simplest colloid-chemical model 
used to describe the interactions between suspended particles and the 
surfaces of the filter grains is based upon the theory of electrical 
double-layer interaction. 
Aside from physical and chemical adsorption of particles on the 
grain surfaces, additional removal mechanisms may simply be due to 
surface tension (92), or friction between the irregular rough-texture 
grain surface and particles in suspension. 
Evidence of electrokinetic phenomena in water filtration is cited 
elsewhere. Ruth (88) concluded that particles of several orders of 
magnitude smaller than the media pore size can only be removed by 
adhesion to the grain surface if the electrokinetic attraction forces 
overcome the repelling electrostatic forces. Smith (96), Hunter and 
Alexander (47) studied the effects of media zeta potential (Ç) and 
particle surface charges on the failure or success of filtration. 
When both particle and grain surface charges were the same, removal 
was impaired due to the energy barrier. Media charge reversal increased 
the efficiency of filtration. In their study, the value of (Ç) is 
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evaluated based on the streaming potential effect. The relationship 
between electrokinetic potential (Ç) in mv> and streaming potential, 
E, in mV as proposed by Ives is as follows: 
where, Ap is the pressure difference across the column of grains in cm 
of water, p is the viscosity of the electrolyte, 5 is the dielectric 
constant of the electrolyte, and is the conductivity in micromho/cm 
Stanley (98) investigated iron floe penetration inside the filter 
bed and the effect of pH on floe filterability. The study indicated 
that particles are most easily removed when their electrokinetic 
repelling forces are at a minimum in the pH region encompassing their 
isoelectric point. He also postulated the effect of other ions present 
in water on floe filterability. 
Cleasby and Baumann (19) observed that ferric floe particles coat 
sand media uniformly without any pronounced preference, with respect 
to positions on the grains. The study indicated that the electro­
kinetic forces were primarily responsible for the removal of the hydrous 
ferric oxide particles. It was also concluded that particle size had 
little effect on the removal efficiency. 
Oulman and Baumann (83) and Oulman et al. (84), reported on 
streaming potentials in diatomite filtration of water, and the effect 
of electropositive materials used for coating diatomite on the zeta 
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potential of coated filter media. They demonstrated that the 
originally negatively charged diatomaceous earth reverses to a positive 
charge upon the addition of iron or aluminum salts, or upon the 
addition of cationic polyelectrolytes. The effect of coating the dia­
tomaceous earth with polyelectrolytes is a remarkable increase in the 
media capacity for turbidity, bacteria, and color removal, at a low 
head loss. 
To describe the process of particle attachment in a mathematical 
way, or to explain it in a theoretical model it is necessary to study 
the nature of the molecular and electrostatic forces that are active. 
In the following section, discussion of each of the attachment mechanisms 
is briefly presented. 
van der Waals forces 
The earliest attempts to develop a model of the liquid state grew 
out of observations of the continuity of the liquid and gaseous states, 
and the existence of a critical point. An early effort was that of 
van der Waals, in which he accounted for the molecule's volume, as 
well as its decrease in pressure due to intermolecular forces. In 
1938, Lennard-Jones as cited from Rosenberg text (87), presented a 
mathematical model for molecular interaction, known as the Lennard-Jones 
potential energy function 
-8, $2 
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where z is the intermolecular distance, and , 3, are constants. In 
-Bl 
his model the attractive term —g— is a starting point to calculate the 
z 
net attraction exerted by a given surface, considered as an infinite 
sized slab, and a colloid suspension, by the summation of overall atom-
atom interactions, (if simple additivity of forces can be assumed). 
The constant 3^^ is taken to be (^) h a where a is the atoms polar-
izability, and has units of volume in the cgs system, hv^ is approxi­
mately the ionization energy. Since ionization potentials are about 
1.0 ev or 10 erg, and polarizabilities, about 10 cm^, 3^ will 
have a value of about 10 erg cm^/atom. Now if one desires the 
attractive energy between two slabs, V^, a further integration over the 
size of the colloid particle is needed. This energy will now vary as 
-2  
z , 
-H dp 
Va = --s;-- (3) 
where 
= attractive energy between two slabs (the surface of a colloid 
particle considered to be a slab compared to the size of an 
individual molecule). 
3 2 - 2 H = the Hamaker constant = 7- ttN h v a 
m 4 a o 
N = the number of atoms per cubic centimeter 
a 
h = Planck's constant, and 
= an empirically derived frequency for the molecules, probably 
closely related to the frequency of fundamental electronic 
oscillations within the molecules. 
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2 It might be noted that contains the quantity (N^ a) . For 
most elements, this quantity is about 0.1, so the Hamaker constant is 
of the order of 10 erg. It is also necessary to realize that equa­
tion 3 is only applicable for a very close approach, such that z« 
Application of Van der Waals intermolecular forces to water 
filtration models was first proposed by Mackrle and Mackrle (71). The 
authors contended that adhesion between suspended particles and grain 
media is solely due to attraction resulting from Van der Waals forces. 
Heertjes and Lerk (38, 39) proposed a mathematical filtration model 
based on the equilibrium between molecular forces of adhesion (arising 
at the surfaces of the filter grains) and hydrodynamic forces acting 
on the particles in suspension. Ives (52), Stein (99), Camp (14) and 
many other investigators postulate that adsorption of suspended 
particles to the surface of media is a primary factor in rapid sand 
filtration. 
Theory of double layer interaction 
An important group of electrical phenomena has to do with the 
nature of the distribution of ions in solution in the presence of an 
electric field. To begin with, consider a plane surface bearing a 
uniform charge density in contact with a solution phase containing 
both positive and negative ions. To be specific, the surface is 
assumed to be negatively charged. The electrical potential at the 
surface is taken to be and it decreases as one proceeds into the 
solution in a manner yet to be determined. At any point, the potential 
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i j j  determines the potential energy, uietp, of the ion in the electric 
field, where o) is the valence of the ion and e is the charge on the 
electron. The ion distribution with distance away from the plane 
surface assumes Boltzman's distribution: 
- (iieip (jieijj 
= we [C^e ^'^a - e (4) 
where is the charge density, k is Boltzman's constant, is the 
absolute temperature, and is the ionic concentration at the 
colloid's surface. 
In the case of a neutral system, the net charge should be zero. 
At a long enough separation distance from the surface, the positive and 
negative charges are of the same density. The integration of p^ out 
to infinity gives the total excess charge in the solution, per unit 
area, and is equal in magnitude but opposite in sign to the surface 
charge density 0^. 
The mathematics are complicated by one additional theorem, given 
by Poisson's equation. This relates the divergence of the gradient of 
the electrical potential at a given point to the charge density at 
that point: 
2 V \p = -4 TT (5) 
^ 2 2 2 2 2 2 
where V" is the Laplace operator (6/6x +6/6 y +6/6z) and D is 
the dielectric constant of the medium. 
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Various forms of the solutions to equations 4 and 5, have been 
studied by Gouy (34), Debye and Huckel (24), and a summary of the 
theory of colloid stability has been presented by Verwey and Overbeek 
(106). In their theory, the potential ip falls off exponentially with 
distance (x), for example, for the jth kind of ion: 
*,(%) = g (6) 
J (li.e 
here, 
Att 2 o 1/2 
*1= 5a#-: ^  Wj ) (7) 
a 
where n^ is the concentration of ions of valency Wj . 
The quantity is associated with the size of the ion atmosphere 
1 
around each ion, and — is commonly called the ion atmosphere radius, 
^1 
or the Debye characteristic length, Equation 6 if restated after 
substituting for (the surface potential) and (the Debye length) 
takes the form of 
= iji 8 
X o 
-X 
AD 
Here the definition of the characteristic Debye length, A^, is more 
understandable, which is the length required for the potential to fall 
off by an order of magnitude. In other words, A^ denotes the thickness 
of the double layer as if resembled by a two plate condenser. In such 
cases,the capacity of the double layer, is equivalent to: 
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(8) 
where 
= capacity of the Stern layer 
D a s 
- Wx OHP (^o ~ 4'OHp) 
and = capacity of the diffuse layer 
Gg, are the stern and diffuse layers charge, respectively, and 
Xqhp» 'f'oHP ):he outer Helmoltz plane thickness and potential, 
respectively. 
Based on equations 6 to 8, it is possible to explain the effect of 
such chemical parameters as ion concentration, pH, temperature, type 
of ions in dispersion, and the dielectric constant of the system. It 
is more useful to study the effects of on the potential for 
repulsion, and hence the system's stability. For good flocculation or 
particle attachment to a filter grain, it is generally necessary to 
decrease and decrease The potential 'i^Q^jp could be decreased 
by controlling the concentration of the system's potential-determining 
ions, and the Debye length is reduced by increasing the system's ion 
concentration and valancy, and reducing its temperature. 
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In water filtration it is plausible to consider the existence of 
double layer interactions between the media and medium ions. As pre­
viously stated, most filter media exhibit negative charges, whereas 
the suspension particles include a variety of charges that are mostly 
negative too. In order for attachment to occur, addition of positively 
charged electrolytes is often recommended to compact the double layers, 
thereby reducing substantially the repulsion region and allowing parti­
cles of like charges to come close enough to the grain surface to be­
come attached due to the van der Waals attractive forces previously dis­
cussed. The effect of pH changes affects the grain and particle zeta 
potential, since in water systems hydrogen is usually the potential 
determining ion. 
The treatment of the attachment step in light of the double layer 
theory and the molecular interactions forces seems to have wide 
acceptance among investigators in water filtration. Mackrle and Mackrle 
(71), Heertjes and Lerk (38), Ives and Gregory (60), O'Melia and Stumm 
(81), O'Melia and Crapps (80), V;enk (110), and many others have postulated 
adsorption of particles on the grain surface as the primary removal mechanism, 
taking into account the applicability of the double layer theory and 
the molecular forces in the process of particulate removal. The 
general form of interaction energy versus separation for two like charges 
shows predominance of attraction at very small and very large separation 
distances, and predominance of repulsion in between (110). These areas 
are denoted (110) as the primary minimum and the secondary minimum in 
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attraction energy, and maximum of repulsion or an energy barrier, 
respectively. Flocculation or attachment of the two charged surfaces 
is almost possible if their separation distance coincides with either 
the primary or secondary minimum. In the second case,the two particles 
will attach with a liquid film between them. In the first case, attach­
ment would occur if the particles have enough potential or thermal 
energy to overcome the energy barrier (100). 
Ives and Gregory (59) discussed the basic concepts of filtration, 
primarily the effect of surface force mechanisms. They concluded that 
electrokinetic phenomena are significant in water filtration. In 
another paper, the same authors (60) plotted the attraction and repulsion 
energy curves between polyvinylchloride microspheres of ~ 1 micron size 
and sand, anthracite and ballotini grain surfaces in various electro­
lytes. (Also the same curves for the interaction energy between ferric 
floe particles and ferric floe coated sand grains surfaces.) In both 
cases,there was a linear inverse correlation between height of energy 
barrier and filtration efficiency. The authors observed that substantial 
decrease of the energy barrier resulted from increasing the electrolyte 
concentration and valency. According to their experimental data, the 
energy barriers are at separations of about 100 to 200 A", and in 
general,the whole range of the surface forces is less than 200 - 300 A° 
for most natural waters containing moderate amounts of dissolved salts. 
This indicates that the effect of such surface forces is limited to the 
very close proximity of the grain surfaces. 
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Hydrogen bonding 
Hydrogen bonding is a result of an interaction between a proton 
donor group A-H and a proton acceptor group B to form a bond of the 
type A-H B, where the hydrogen atom acts as a bridge between the two 
electronegative atoms A and B. A particularly strong dipole-dipole 
attraction occurs when hydrogen is covalently bound to a very small 
electronegative element such as fluorine, oxygen, or nitrogen. In these 
instances,very polar molecules result in which the extremely small 
hydrogen atom carries a substantial positive charge. Because the 
positive end of this dipole can approach close to the negative end of a 
neighboring dipole, the force of attraction between the two is quite 
large. The positive end of the instantaneous dipole will attract 
electrons in a neighboring atom, thereby inducing another instantaneous 
dipole. These dipoles attract one another briefly before they disappear. 
While attractions between the instantaneous dipoles may be fairly strong, 
their duration is very short (59). The strength of hydrogen bonds is on 
the order of 5.0 K cal/mole, which is in the neighborhood of physical 
adsorption bonds. 
Wenk (110) discussed the evidences of hydrogen bond existence in 
water flocculation and filtration reported by other investigators. The 
effect of pH on polymer adsorption was considered as a crucial factor 
in explaining Michaels and Morelos (75) observation regarding the 
flocculation ability of sodium polyacrylate and polyacrylamide for 
colloidal kaolinite suspensions. Retarded flocculation was reported 
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(75) for both low and high values of pH, while at Intermediate pH 
values the conditions for flocculation were favorable. Wenk pointed 
out that even at pH = 6, since hydrogen atoms are attracted to the 
negatively charged particle surface, it is possible to find unionized 
acid groups within the double layer even though in the bulk they are 
ionized. 
Adsorption by hydrogen bond occurs only over a few molecular layers 
or a separation range of 10 - 20 A°. For this reason and others, 
particle adhesion by hydration is postulated to be questionable (59). 
It is the writer's understanding that hydration referred to hydrogen 
bonding. 
Due to the complexity of the process, it is almost.impossible to be 
certain of which mechanisms have caused the removal of an individual 
particle. Moreover, it is frequently reported that particle removal in 
experimental filter units was observed to occur under conditions for 
which theories predict no removal. According to theories, negatively 
charged particles a few angstroms in size should not attach to negatively 
charged grain surfaces. However, a certain portion does. Cationic or 
anionic polyelectrolytes do not cause agglomeration of like charged 
particles in light of the double layer theory. However, experimental 
evidence to the contrary has been reported. Still, substantial research 
efforts are required to break down the process complexity. 
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Contact Flocculatlon Mechanisms 
Contact flocculatlon is a process whereby a water containing a 
dilute suspension of suspended solids is passed through a granular 
medium or fixed matrix in such a manner that the particles are brought 
together, or flocculated, to form larger particles that are either more 
settleable or more filterable than in the original suspension. A 
frequently used form of contact flocculatlon is in the direct filtration 
of low turbidity waters on filters containing relatively coarse media. 
Coagulent aids are added to the filter influent with little or no de­
tention time, simply to destabilize the charge on the suspended solids. 
Upon passing through the filter, the combined action of the tortuous flow 
pathway and surface contact between the coagulated suspension and the 
surface of filter media grains causes the dispersed particles to agglom­
erate into larger particles. These larger particles are then removed 
within the filter bed. 
When using large media, high flow-through rates and low coagulent 
doses, the filter bed may become, in the purest sense, a contact medium 
that simply causes flocculatlon of the suspension into larger particles 
that pass through the bed for subsequent removal by filtration or sedi­
mentation. In this latter, ideal case, the contact bed would not become 
plugged with entrapped solids but would continue to promote flocculatlon 
indefinitely. 
It generally is accepted that within the normal range of media 
size and filtration flow rates, the flow through filters is laminar. 
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There is great similarity between particles moving in sinuous stream­
lines in granular beds and flow through capillary tubes. However, in 
the former case the streamlines are not always parallel but frequently 
converge and diverge as the flow channel changes shape and size through­
out the bed depth. At some locations the cross-sectional area of the 
flow path might approximate a circular shape, in others it might be 
elliptical or triangular. 
Also, it is hypothesized that as a heterogeneous mixture of 
particles moves around the spherical grains or inside the voids, chances 
of their random contact with each other or with the grain surfaces are 
always possible due to the field velocity gradient, the random Brownian 
motion, and the contribution of other transport mechanisms such as hydro­
dynamics, sedimentation, and interception. 
As previously discussed, electrokinetic effects exist simultaneously 
between the filter bed and the particles themselves. A change in these 
effects may thus influence both particle-bed and particle-particle inter­
actions. For instance. Smith (97) found that only particle-bed inter­
actions take place when particles were filtered without any coagulant. 
On the other hand, he noticed that interactions between particles 
(flocculation) play a great part when coagulants or flocculants were 
added. In this case,the particle-bed interactions were found to have no 
effect upon bed efficiency and the particle diameter was observed to 
increase. Ghosh (32, 33), and Borchardt-O'Melia (12) concluded that 
adding certain ions causes flocculation and formation of larger particles 
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which can be subjected to sedimentation or to straining between grains, 
whereas single particles are not. Stanley (98), however, claimed that 
flocculation does not occur inside the bed owing to the small particle 
size, low residence time, and small suspension concentrations. How­
ever, Camp (13), analyzing the results of Eliassen (26), considered 
that flocculation is probably an important mechanism. Finally, O'Melia-
Crapps (79)proposed that bed contact flocculation occurs due to bed-
particle interactions between themselves. 
Although the concept of in-bed flocculation is fairly new and has 
not been well-defined and modeled, there is ample evidence to support 
its occurrence. For example, particles that are invisible or of a very 
minute size before reaching a filter show up as large, well-defined floes 
in the backwash waste water. Such an observation would not happen if 
the filter media did not exhibit a reasonable flocculation potential. 
Also, large mean size particles emerging in the effluent from a filter 
that receives smaller size particles, as discussed below, would indi­
cate that small particles are agglomerated into large floes while 
moving through the bed. 
Stein (99) elaborately investigated the theoretical aspects of 
water filtration and proposed that bed flocculation can occur inside 
the media voids and along the sinuous capillary flow channels. The 
principal factors promoting flocculation were the flow velocity gradient 
and the effect of curvature of streamlines on the particles moving 
around the spherical grains. 
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Perhaps the most significant evidence for bed flocculation is 
that reported by both Smith (96) and by an anonymous paper (109). 
Smith (96) presented a paper about the electrokinetic phenomena in 
particulate removal by rapid sand filtration. The author, without any 
prior awareness of bed flocculation, used the Coulter Counter technique 
as a tool to verify the mechanisms of particulate removal. However, 
during the particle size distribution study, he observed a significant 
increase in the mean particle sizes in the effluent. Therefore, it was 
concluded that particles do flocculate inside the bed. Smith reported 
that when conditions were favorable, the bed acted as a "super coagulator." 
In Smith's (96) filtration work, it is possible to assume that small 
particles were removed by attachment to the grain surface. It is also 
possible that large particles were removed by straining or sedimentation 
inside the media voids. However, the author concluded that particles 
do flocculate while flowing inside the bed capillaries . This conclusion 
was based on the appearance of larger sized particles in the effluent 
that weren't present in the influent. 
In the period from 1958 to 1970,a controversy (109) grew between 
Ives in London, and Mints in Moscow, concerning the occurrence of 
particle detachment in deep bed filtration. An anonymous summary (109) 
of the controversy referred to Mints, and to Raga and Kalsi's observations 
to support the mechanism of detachment. The independent experimental 
work of Mints and Raga and Kalsi, under Ives supervision, included an 
interesting observation regarding the break-up of large, well-defined. 
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floes in the filter effluent towards the end of a run. However, the 
authors disagreed in their interpretation of the reason for this observa­
tion. At the time. Mints' interpretation suggested the existence of 
continuous dynamic scouring of the old deposit simultaneously with con­
tinuous attachment of the new ones. Ives followed a different line of 
reasoning, and suggested the occurrence of in-bed flocculation of new 
particles only after the filter reached its ultimate removal capacity. 
Ives commented that particles which were able to be attached under equil­
ibrium with the fluid shearing forces would not detach again as long as 
the existing equilibrium was maintained. 
It is interesting to note that similar observations to those of 
Smith (96) and Mints (109), and Raga and Kalsi (109) have been reported by 
Shea, et al. (93) and were observed in the writer's filtration work at 
the Ames and Iowa City water treatment plants. However, it is still un­
known whether these floes are formed in the liquid phase prior to their 
deposition or grew on the media surface and subsequently were detached. 
Variables Affecting Contact Flocculation 
As in conventional flocculation and filtration, contact floccula­
tion is controlled by the process physical and chemical variables. The 
physical parameters are: 
1. Media size, shape, and depth 
2. Concentration of particles in suspension 
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3. Flow rate 
The chemical variables are: 
1. Type of coagulant 
2. Coagulant dose 
3. Ion concentration. 
Physical Variables 
Media size, shape, snd depth 
One of the most important floe characteristics is size. In conven­
tional flocculation it is necessary to produce large settleable floes 
for the removal of the bulk turbidity in sedimentation basins. How­
ever, in direct filtration, sedimentation is omitted and consequently 
floe filterability is more important than settleability. Therefore, 
smaller unisize floes are optimum for bed filtration, while large ones 
are counterproductive (104). 
Hudson (46) commented on the shortcoming of conventional mechan­
ical flocculation producing a wide range of floe sizes. Large floes 
are removed on top of filter media and fill the voids rapidly, thereby 
causing short filter runs. Small floes break through rather quickly 
and short runs can also occur due to breakthrough. Therefore, a uniform 
flow of an optimum floe size is the goal. 
In contact flocculation, the final floe size is limited by the 
average pore size of the media. Therefore, no extremely large floes 
are produced. Also, the substantial appearance of floes in the effluent 
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begins when the storage capacity of the entire bed nears exhaustion. 
At this point there are possible mechanisms which could contribute to 
that appearance. First, it is possible that the released floes are 
those that were previously retained by the filter and grew in size and 
weight to the point where the retaining mechanisms are no longer capable 
of holding them. The released floes then should be relatively uniform 
in size as long as the in-bed retaining forces and the scouring forces 
are the same throughout the bed. 
On the other hand, another possibility is that essentially no 
scouring may take place. In this case, the processed floes would be 
formed from the fresh suspended solids that enter the bed and have no 
chance for removal past the point of ultimate bed holding capacity. 
According to the foregoing assumption, it is possible to assume uniform 
floe size as long as the bed volume for flocculation, flow-through time, 
and influent suspended solids are the same. 
The effect of media shape on the process of bed flocculation has 
not been investigated before. Intuitively,it is more likely to expect 
higher storage capacity for the same size of coal than that of sand 
since the former has the greater bed porosity. However, the effect of 
media shape factor and pore size on the rate of particle aggregation 
requires investigation. 
As for single-versus multi-media contact flocculators. Shea et al. 
(93) discussed the possible bed configurations, and concluded that fine 
on top of coarse media is inadequate to produce long run lengths. On 
31 
the other hand, coarse on top of fine media can act as a complete unit 
process serving the dual function of flocculation and floe removal by 
filtration. Accordingly, it is the Vnriter's opinion that in the design 
of a contact flocculator for the sole purpose of flocculation, a single 
type of large media is recommended. 
Influent suspended solids concentration 
For direct filtration or contact flocculation, the influent sus­
pended solids concentration, C^, is a significant variable. For high 
influent concentrations, coarse grained media beds might exceed the 
performance of the fine-grained ones. Better performance is character­
ized, by providing greater in-bed storage capacity and longer run lengths. 
On the other hand, if the influent concentration is low, the use of 
smaller size media would help avoid fast breakthrough. Unfortunately, 
there are no good criteria for selecting the best media size for a 
particular water and pilot plant testing is almost always necessary. 
One of the unique advantages of contact flocculaters is the ability 
to handle the fluctuations in influent concentration of particulates. 
Conventional flocculators are sensitive to the inlet concentration. Low 
concentrations may require excessive amounts of mixing energy or mixing 
time to bring the dispersed particles into contact. In the case of con­
tact flocculation of dilute suspensions, the bed brings together 
particles that reach the bed at two different times during the run 
length. Therefore,flocculation can continue to occur between the de­
posited particles and the incoming particles, even if the concentration 
32 
of the incoming particles gets very low. 
Flow rate 
The filter hydraulic loading determines the rate of headloss build­
up as well as the mixing intensity in the void spaces. The higher the 
flow rate, the higher the value of velocity gradient, G, inside the bed 
capillaries, but the lower the flow-through time. Therefore, changes in 
the critical flocculation parameters tend to offset each other as the 
flow-through rate increases. One then has to resort to actual experi­
mental observations to determine the optimum operating conditions. 
On the other hand, increasing the flow rate reduces the bed retaining 
capacity and increases the floe break-up term. Consequently, high flow-
through rates might be the optimum mode for continuous operation 
primarily as a flocculation unit preceding filters to avoid frequent 
backwashing. 
Chemical Variables 
Type of coagulant 
The storage capacity of a contact flocculator is limited to a certain 
percent of the bed volume. Consequently, for optimum utilization it is 
necessary to reduce the floe water content as much as possible. For 
example, reducing the floe water content from 95%, as is normal, to 
90% doubles the bed storage capacity. 
Floe compaction in contact flocculation occurs as a result of the 
continuous reduction of its water content. To introduce the same effect 
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in conventional flocculation processes, high energy is required. 
Marrow and Rausch (74) and Adin and Rebhun (2) proposed that polymers 
are better than alum for use as a coagulant in flocculation since lower 
polymer doses are required which produce strong and dense floes with 
low water content. Shea, et al. (93), also reported that 1.0 mg/1 of 
cat-floc polymer gives better performance than 20 mg/1 of alum. The 
suspension used was a mixture of kaolinite and bentonite clay. 
Coagulant dose 
Adin and Rebhun (2) studied the effects of polymer dose and con­
cluded that the optimum dose required for contact flocculation has a 
broader effective range than indicated by jar testing. It was also con­
cluded by Adin and Rebhun (2) and by Shea et al. (93) that the polymer 
dose seems to be proportional to the influent solids concentration and 
in all cases was much less than that required in mechanical flocculation. 
Ion concentration 
The cation concentration of the liquid phase influences particle 
destabilization by helping to counteract and reduce the repulsive effect 
of the double layers of the counter-ions around each particle. The 
double layer theory has been elaborately investigated and experimentally 
verified for water flocculation and filtration (60). This same effect 
occurs in contact flocculation. Accordingly, the presence of high con­
centration of counter-ions enhances floe formation and attachment to 
the grains of the contact bed. 
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HYDRAULICS OF WATER FILTRATION 
In 1856,D'Arcy presented the fundamental equation of permeability 
based on measurements of water flow through porous media, which may be 
represented as 
Ap 
Vi = Kp IT (9) 
AP 
where — is dimensionless pressure drop gradient in length of water 
column per unit length of bed, the interstitial velocity = V^/e, 
and Kp is the coefficient of permeability, expressed as the rate of 
flow of water across a unit cube of media at unit pressure head. The 
law is closely analogous to Poiseuille's law for the flow of viscous 
fluid through a circular capillary, presented as follows by Slichter 
(94): 
"I • F S (1°) 
where d^^ is the diameter of equivalent channel, in cm and equal to 4m 
for non-circular channels, m is the hydraulic radius. However, 
Slichter mentioned poise units for V, but the equation is only 
dimensionally correct if the usual units of kinematic viscosity are 
used (L^/T). 
The first modification of the simple D'Arcy law was made by 
Slichter (94), whose treatment represents the first real attempt to 
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derive expressions for the equivalent channels from the geometry of a 
bed of equally-sized spheres. Slichter assumed the average cross-
section to be triangular, and deduced expressions for the cross 
sectional area in terms of particle size and bed porosity. Introducing 
a correction factor of Poiseuille's law, he came out with the equation: 
?! = 10-2 IT (11) 
where is a function of bed porosity,£ , varying from 84.3 for 
e = 0.26 to 12.8 for e = 0.46. Smith (95), has summarized Slichter's 
treatment and revised it to give better agreement with experiment. 
A modification of Slichter's constant was introduced by Terzaghi, 
(102) who deduced a relationship between porosity and permeability in 
close agreement with experiment: 
v, = B3 4 f 
where B^ is an empirical constant with values between 6.03 and 10.5 for 
all sands. However, up to that time, neither Terzaghi's mathematical 
treatment, nor Slichter's geometrical treatment of an idealized bed of 
spheres established the analogy between Poiseuille's law and D'Arcy's 
law. 
In 1927, Kozeny (64) presented the first theoretical equation for 
the hydraulic gradient, i, of flow through granular media. He pointed 
F, 
out that a unique plot is obtained if the dimensionless groups, » 
V 
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^Veq 
and —-— = R^, are plotted against one another, where = frictional 
p V^d 
force per unit area, and ^ is called the Reynold's number. The 
Fr pV^m 
correlation is still close if 2 plotted against —— . 
_ cross-sectional area normal to flow The factor m = — —: ——— 
perimeter presented to fluid 
and is termed the hydraulic radius. For a bed of granular material. 
Volume of fluid in bed Kozeny provided that m = 
Surface presented to fluid 
e m = -
where S is the surface area of the bed grains per unit bed volume. The 
general law of stream line flow through granular media (generally known 
as Kozeny's equation) is: 
d 
Equation 13 can be converted to equation 10 by substituting — = —^ , 
and = 2 into the latter. It is interesting to note that = 2 
does not necessarily denote a circular cross section, nor even a shape 
resembling a circle. This probably explains much of the success in 
applying Poiseuille's law for circular channels to granular beds. 
In equation 13,the interstitial velocity V. was assumed equal to 
Vg ^ Le 
— which still should be modified such that = — . -j-, where 
is the length of the sinuous path pursued by an element of the fluid. 
Therefore, equation 13 becomes. 
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j * '  t ' "  
(14) 
AP 
T g (15) 
Lp 2 
where (—) , which was found by both Kozeny, Fair and Hatch, 
to be around 5.0. 
In dealing with beds of spheres, 
S = G (1 - G) (16) 
and equation 15 becomes 
For non-spherical particles, a similar type of transformation may be 
made in which 
s 
In this, is a shape factor, which is unity for a sphere, and, 
since a sphere has minimum specific surface, is less than unity for 
all non-spherical shapes. Hence, for non-spheres 
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36 B 5 
In order to experimentally determine the value of the amount —^ = 
36B4 L* 2 
5" ("7^) = B, it is necessary to experimentally determine the 
1's " L 
separate values of (-^) and ip^ individually which was thought (14) 
to increase the risk of accumulated errors. Camp (14) suggested ex­
perimentally evaluating Bg as an over-all characteristic of a filter 
material to reduce the number of expected errors. He further suggested 
that Bg does not stay constant for a certain granular material during 
the filtration process since the deposit material would change the 
Lg 
particle shape and the value of — obtained for a clean bed. 
Values of head loss obtained using Kozeny's equation would re­
present the viscous energy loss alone, and therefore are correct only 
under laminar flow conditions characterized by low Reynold's number, R^, 
less than 12 (14), where 
after Camp (14). At higher values of R^ the flow is not laminar and 
falls into the transition region, and substantial error would result 
if Kozeny's equation was mistakenly used, (14). For turbulent flow 
the energy losses are assumed to follow the formula 
R (20) 
n 
(21) 
in which and (1.7 < < 2.0), are constants characteristic 
of the bed, and the first and the second terms denote streamline flow 
and turbulent flow, respectively. Ergun (27) presented a new head 
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loss equation to account for both viscous and turbulent energy losses. 
The first term of it is very similar to Kozeny's equation (17, 20) 
except for the constant. Ergum proposed that 
f = 150 (f)' +1.75^^^ 
S V ^ 
(ir) -IT- (22) 
where S = ^ 
V *s deq 
In general, workers in the domain of water filtration have agreed 
that flow through granular clean filter media under normal filtration 
rates, media sizes, and water temperatures is laminar and can be 
described by the previously discussed Kozeny equation (17, 20). During 
filtration of dilute suspensions the initial values of the variables in 
Kozeny's equation change considerably, causing a rise in head loss. 
To be able to predict the head loss values at any time and depth during 
a filter run it would be necessary to know the new values of the param­
eters in the Kozeny equation that will vary with filtration. The fore­
most variables that are worth investigating are clogged bed porosity, 
2 
surface area, tortuosity factor (L^/L) , and the shape factor B^. In­
vestigators, who have studied head loss changes during filtration, dis­
agree on the way these parameters vary, and consequently different 
models are cited. Exact calculation of the individual changes in each 
parameter is extremely difficult and has been accomplished only 
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approximately by assuming simplified mathematical models for the 
mode of deposition. 
The factor has very little changes (1.5 - 2) during filtra­
tion, as has been shown by Carman (17) and Wyllie (112) for wide 
2 differences in shape. The change in tortuosity factor (L^/L) due 
to bed clogging is not possible to predict either analytically or 
experimentally. However, it is possible to determine its upper and 
lower limits. If one assumes that the stream lines in a clean bed 
follow the shape of the spherical grains, then the maximum value of 
tortuosity factor is y being the ratio between half a circle circum­
ference to the diameter of the circle. On the contrary, for a bed 
that had reached its ultimate retaining capacity, it might be possible 
to assume that the stream lines follow straight lines parallel to the 
direction of flow, and the corresponding value of could approach 
one. 
There are essentially three models for clogged media surface 
areas. The first model assumes that the bed is represented by an 
assembly of equal spheres and the deposit uniformly coats the grains. 
The mathematical expression for surface area according to that model 
is (57): 
2/3 
S = (1 + 3 ^ ) (23) 
o 
where B is grain packing coefficient. 
The second is the capillary model which assumes the bed is re­
presented by a bundle of sinuous capillaries and the particles are 
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uniformly deposited inside the channels. The surface area is expressed 
as (57): 
a 1/2 
S = (1 - 7-) (24) 
° o 
The third model (72) takes into consideration the common effect of 
the previous two models and expresses the surface area as: 
S = (1 + B |-)°4 (1 - |-)'^5 (25) 
o o 
and bed porosity as: 
e = e (1 - |-) (25a) 
° ^o 
Ives, (57) proposed a head loss model considering the special 
case when = 1. Substituting the values of S and E from 
equations 25, and 25a into equation 15, the ratio of pressure drop at 
any time (AP) to the initial pressure drop (AP^) is as follows: 
(1 + 3 f-)^  
AP - (26) 
(1 _ 2_) 
o 
and by expanding the right-hand side: 
= 1 + (23 + 1) ^  + (6 + l)^(g-)^ + 
^^o ^o ^o 
(3 + 1)^  (f-)^  + 
o 
(27) 
4 2  
For low values of —, the equation could be approximated by the 
o 
form: 
||- = 1 + (23 + 1) f- (28) 
o o 
which represents a linear relationship between head loss and amount 
of deposit or time of filtration. Equation (28) is more frequently 
presented as ( 14, 48, 99, 102). 
L 
H = H + a, r a dL (29) . «6 °
where a, is a constant characteristic of filtration conditions, H 6 o 
is the initial pressure drop throughout the entire bed as calculated 
from Kozeny equation, and H is the total pressure drop at any time, t. 
Solution of the filtration mass balance equation determines the 
functional relationship between specific deposit, a, at any time at a 
certain depth and accordingly equation 29 can be evaluated analytically 
or numerically. If the effluent concentration C is small as compared 
to influent concentration C^,an approximate solution (49) is 
v e t  
H = H + a, -^-2 (30) 
° (1 - c.) 
O 
Mohanka (78) followed a similar approach and proposed that 
for filtrate concentrations less than 10% of the inlet concentration 
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H = H  + a , C  V t  ( 3 1 )  
o 7 0S 
or otherwise 
H = (C^ - C) Vgt (32) 
where was determined empirically as follows: 
where is a proportionality constant. The author's (78) extended Mackrle 
and Mackrle's (71) model for surface area, equation 25, and explicitly 
assumed that is constant during filtration simply because it is not 
possible to monitor its value either experimentally or theoretically. 
Furthermore, the power coefficients a^, were equated to 1 without 
any rational reasons, but just for simplicity. 
Diaper and Ives (25) simplified equation 28 assuming constant 
value for the constant and proposed that: 
If = -^ 3' + o (33) 
GL d 2 d 
s s 
2 
where a^, in cm is a constant for given flow conditions, and porosity 
in Kozeny equation is a constant for head loss in cm, and d^ is the 
sieve size of grains in cm. The authors analytically solve equation 
33 for size graded media filters where 
d = d + jL 
s o 
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in which is the grain diameter at the inlet surface of the filter 
and j is the gradient or rate of change of diameter with depth L. 
The solution proposed was: 
where 
OgL 
« = do(d, + jL) + "11 
„ d + jL "12 
I - 1) (-^ ) + 1 
1/2 
-1 
(B7 - 1)( , 
d^ + jL 11/2 
)  +  1  + 1  
(34)-
*7 = 
1 - 1  
e ^ + 1 
^ 2Vs Cp": ("13 "14) 
1 d„ (1 - p „) 
a = "10 (*13. 
11 2(a^3 + jL) 
2(«13 + j) 
12 
and are dimensionless constants to be determined experimentally. 
Q 
In case of deep filtration where —< 0.05, equation 34 was simplified 
o 
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H = "lO °13 
V C t 
s o 
d^(do + jL) (0^ 3 4.j) d^ (l-P^ ) 
(35) 
Utilization of equation 34 is only practical with the computer 
assistance. However, the simplified equation 35 would suggest that 
head loss at any time is equal to the initial head loss plus a con­
stant in head loss proportional to the applied load (V^ C^t). 
A number of additional papers have also tried to relate the change 
in pressure drop to the accumulation of deposited material in the 
pores, as this latter causes a change in permeability. These are 
AP 
summarized below in their mathematical forms, where is the ratio 
o 
of the pressure drop due to accumulated specific deposit, a, to the 
pressure drop of the clean filter, when a = o. Common symbols are used in 
the following equations wherever possible. New symbols are defined at 
the end of the series of equations. 
1. Stein (99) (1940). 
. [1 + Bo/(l - E )]2 
Ip = ^ 2 (36) 
o (1 - B^) [1 + 2 Bo/a^^(l -E^)]^ 
o 
2. Mints (76) (1951). 
46 
3. Heertjes (37) (1957). 
AP 
AP 
° (1 - *16 
(38) 
4. Ives (51) (1962). 
O o 
g *^20 2 
("19 + ""20 =o)0 + ( 2 
9 ^ 
°^20 ( ô ) (39) 
5. Maroudas (73) (1961). 
^ ^ [1 + egg/g^i (1 - Ep)] 
(1 - ga/ 6^)3 
4/3 
(40) 
6. Mints and Krishtul (77). 
A2_ = Qj -L_^— 
AP 22 L 
o 
0.5 
(41) 
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7. Heertjes and Lerk (39) (1967). 
AP = AP L + e L — 
o 23 o Yg 
1 + e 
VsCoYeTr 
- D) (42) 
Y a  =  
74(1 - :o)Hm 
^ ^ d^ V 
Y^, «21 are proportionally constants. 
8. Deb ( 22) (1970 )• 
ax) -a-,G e 3 
#-= [1 + *25 (1 - 10 (43) 
9. Deb (22) (19 7C). 
'V'W (l-E,+a)3 
(44) 
10. Camp (14) (1961). 
AP 
AP 
= (1 - G + a) 
(=0 - °) 
yza^-'-r-)* i + 3(1 - e^) + f 
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where 
Y^> 25 dimensionless constants, 
Np = number of particles deposited per pore, 
' M 
F^, = the tortoisity factor at t = 0, t respectively. 
= head loss constant at t = 0, t respectively. 
to «22 are experimentally determined constants, and is an 
attachment coefficient. 
The equations of Stein (99), Mints (76), Maroudas (73), are all 
based on alterations of the porosity and specific surface terms in the 
Kozeny equation, although Mints (76) thought the change in specific 
surface could be neglected. They have all assumed that the tortuosity 
remains unchanged during deposition, and have made various attempts to 
define the internal geometry of the porous media when containing 
deposited solids. Both Heertjes' equation 38 and Moroudas' equation 
40 are based on complete blocking of some flowpaths by particles, thus 
diverting flow at increased velocity through the remaining open pores. 
Ives' equation 39 is semi-empirical, based on the internal geometry and 
flow conditions in the pores containing deposits. 
Most of these equations reduce to the form 
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where a^, are constants, and F(a) is a function of a, or constant 
or zero. The second term in equation 48 is generally included to 
make allowances for inaccuracies in the theory (i.e. the values of 
a^, a^) or to fit particular experimental data. In the regime of 
laminar flow, most investigators omit the second term and the equation 
becomes: 
50 
THEORY OF WATER FILTRATION 
The first attempt at a theoretical study on sand filtration started 
when Iwasaki (63) presented his article "Notes on Sand Filtration." 
In his paper Iwasaki introduced mathematical expressions for the mass 
balance and the kinetic equations for the first time in the history of 
the process. As pointed out by the author; 
1. The process is dynamic and varies with filter depth and time. 
2. Particle removal at any lamina and a given time is proportional 
to suspension concentration existing at that time and location. 
3. The rate constant of removal is a function of time and depth, 
and is denoted as the "impediment modulus." 
4. For continuity the amount of removal must equal the rate of 
increase in deposit accumulation. 
Iwasaki's foregoing statements are translated to the following 
mathematical formula: 
W - w (48) 
•«C _ 1 (49) 
ÔX Q 6t 
where X is the filter impediment modulus, and C (X, t) is the 
suspension concentration at depth, X, and time, t. 
The kinetic equation 48 is a widely accepted proposition and can 
be regarded as having statistical bases (69). The equation is a 
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partial differential because the concentration not only varies with 
depth but also with time. At the initial run conditions for t = 0 
the equation may be integrated to yield: 
-X X 
C = e ° (50) 
where, is the initial value for the impediment modulus X, and 
is the inflow concentration at the top of the filter. However, as 
filtration proceeds the internal geometry of the porous medium changes 
because of the continuous deposition of particles and consequently 
the filter coefficient X changes, giving rise to Iwasaki's third 
equation: 
X = Xo + C^a (51) 
Although the kinetic part in Iwasaki's model is widely accepted, 
there is a great debate about the functional relationship that de­
scribes the variation of filter impediment modulus X and specific 
deposit a. Equation 51 which was first formulated by Iwasaki and 
was used subsequently by Stein (99) shows that X is linearly pro­
portional to a. That is, particle removal increases linearly with 
deposit accumulation without any definite limits, which is obviously 
unrealistic. In actual filtration, efficiency of removal is observed 
to steadily increase up to a stage at which equilibrium occurs between 
the shearing forces impairing particle removal and mechanisms of 
removal. Past that stage, removal slows down and practically stops after 
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an ultimate deposit value is reached. Ives (51) explained such 
phenomena in light of the following assumptions: a) removal character­
istic of a filter depends on the surface area available on the grains, 
on the tortuosity of flow within the pores, and on the interstitial 
velocity, b) the principal force operating to remove suspended 
particles from the flow stream lines is gravitational. 
Ives and Gregory (59) conducted several filtration experiments 
using pilot filters and through microscopic observations were able to 
study the mode of deposition around the media grains. Based on the 
microscopic observations the authors proposed the following expression 
for the filter coefficient A: 
X = + C2 o - C3 (e 5 a) (52) 
The third term in equation 52 explicitly accounts for the deterio­
ration in filter performance due to clogging and continuous decrease 
in the filter specific area available for removal. 
Ives (54) postulated a detachment mechanism encompassing the 
shearing forces on deposited particles. The shearing forces would 
either break the bond between the deposited particles, the deposited 
particles and the granular medium, or ruptured the particles them­
selves. Ives (54) presented a mathematical development and arrived 
at the shear term 
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0(1 -
shear term = 
(e - a) (1- e + 
o o 
(53) 
in which = a shear factor dependent on particle shear strength, 
grain size, and fluid viscosity. 
This shear effect requires modification of Equation 48 to 
1/3 
6c 
6x Xo + CgO - C3 
o 
(54) 
However,in subsequent papers, the shear term was dropped by the authors. 
Later on, in another paper (49) by the author, the following 
propositions were listed: 
1. During the initial part of the run, the spherical media grains 
are uniformly coated with deposit particles without changing the shape 
of the grains appreciably. 
2.• With the progress of filtration, the side spaces are filled in 
causing the internal media geometry to change to approximately 
cylindrical flowpaths which keep narrowing with further deposition. 
Vg 
3. Fluid interstitial velocity, = —, increases proportionately 
to the decrease in bed porosity, e, up to a limiting value beyond 
which deposition is inhibited. 
From considerations of the bed geometries, the above assumptions, 
and others Ives (49) presented, the following model for the functional 
dependence of the filter coefficient \ and the specific deposit a: 
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A 
A o Or (1+1 a)^ (1 - |)^ (1 - g-) (55) 
o u 
where is the ultimate specific deposit, a^, are empirical 
indices and for most cases it has been found that: 
= 1, therefore 
X 2 3 
^= 1 + constant #1 0 - constant #2 a + constant #3 a 
(56) 
Equation 56 is further modified by omitting the third term for 
simplicity. 
Although Ives' equation 52 was more adequate than the previous one 
by Iwasaki, and was experimentally verified for the filtration of algae 
and polyvinyl particles (59), yet Fox and Cleasby (31) questioned its 
validity for filtration of other suspended solids. The authors in­
vestigated filtration of hydrous ferric oxide floes under controlled 
laboratory conditions. Through the early stages of filtration, 
initial filtrate quality improvement was observed giving support to 
the exactness of the linear relation between A and O as denoted by the 
first two terms in equation 52. However, the authors (31) reported 
deviation of experimental observations from Ives' model. The major 
source of error (31) was due to: 
1. Ives'model assumed certain hypotheses that are not neccessarily 
valid under conditions normally met in filtration of flocculated 
suspension. These hypotheses included that particles are discrete 
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and unisize , and floe water content is unchanging. 
2. Adding the shear term, B?. 53, previously suggested by the 
author (54) didn't materially improve the model fitness to experi­
mental observations. 
3. The power in the third term of equation 52 was overestimated 
for hydrous ferric oxide floes filtration and close agreement between 
125 2 
theory and practice was obtained by replacing O ' for a . However, 
that adjustment was not recommended for general applicability as a 
substitute to Ives'model. 
One of the most serious problems Fox and Cleasby ran into while 
drawing the filter modulus. A, vs. specific deposit, o, curves was 
the conversion of deposit accumulation in weight per unit volume to 
volume per unit volume. The authors pointed out their disagreement 
with Ives' hypothesis concerning the deposit water content. An iron 
floe that is 98% water and 2% solids loses about 5 to 10% of its water 
content due to the action of deposition of layers on top of each 
other and the effect of fluid pressure. However, Fox and Cleasby did 
not present an exact way to estimate the true deposit volume per unit 
weight at any time and depth. A compromise suggested by Camp (14) 
involved the average percentage solids weight to solve the dispute. 
It is interesting to know that five years later in 1970 , Charles 
R. Ott, and Richard H. Began (82) approached the same subject. The 
authors used Camp's (14) conclusion to support Ives hypothesis about 
the unchanging deposit volume per unit weight before and after filtra­
tion. A more acceptable way for calculating suspension volume per 
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unit weight is by using coulter counter data for influent and effluent 
suspensions, as those conducted by Smith (97). 
Several forms of filtration kinetic and mass balance equations, 
have been proposed by different investigators. Numerical (25, 39, 71) 
and analytical (22, 43, 51) solutions for the filtration equations 
were also cited elsewhere. A summary of the progress of filtration 
model studies is presented in the next section to help in under­
standing the role of the process variables and hopefully to lead to a 
combined theory for both contact flocculation and filtration in one 
model. 
Bodziony and Litwiniszyn (11, 10) were among the prominent workers 
who investigated the process of colmatage (pore blockage) in bed 
filtration as having statistical or stochastic nature. The authors 
assumed unisize spherical suspension particles would randomly block 
individual pores. Therefore, at any instant, the rate of pore 
blocking according to the foregoing hypothesis is proportional to the 
number of empty pores available at that instant. In other words: 
• "26 c \ - f(c) (57) 
where 
= concentration of pores blocked by solid particles at 
time (t), 
= total number of pores available for blocking in the 
clean bed. 
57 
^26 ~ constant. 
Equation 57 is analogous to the more familiar mass balance 
equation, later presented by Herzig et al. 
«a C e - a o (58) 
where 
is the attachment coefficient. 
In 1963, Litwiniszyn (70) proposed another model considering the 
analogy between the process of colmatage and a particle process of 
"births" discussed by Feller (30). If denotes the system state at 
which n^ pores are blocked, then the expected value of that state, 
E , may be defined as the first moment of the random variable 
from the formula 
A 
E ix'cct = z" "p r„ <t) 
"P 
where N'^ characterizes the amount of solid particles retained in the 
porous medium. 
Consequently, the expected value of the random variable, 
calculated by utilizing the concept of the generation function, 
^o n 
F (l,t) = Z e (t) 
n =o P 
P 
is as follows: 
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r -Yi t 
E {n' . ,} = A 1 - e (t) o (59) 
and the variance of the random variable N (t) is 
{ N' (60) 
where is the coefficient of colmatage characterizing the run of 
the process. 
As shown in equation 59, the mean value of the random variable 
porous medium , tends with time, t, to reach the value A^_ Also, the 
variance of the process of colmatage, as shown in equation 60, 
Litwiniszyn, three years later, presented a different model (70) 
of colmatage - scouring kinetics in the light of stochastic "birth-
death" process. In the new model, the author contended that the 
probability of transition En -*• En + 1 is proportional to the number 
of free places susceptible to be filled in the volume unit of the 
porous medium. Also, due to scouring process, the system may trans­
form from the state En into the state En - 1. The probability of 
transition En -> En - 1 within the time interval At is '^p At, y g 
being a constant. That is, the probability of moving from the state 
En ^  En - 1 is proportional to the amount of particles trapped per 
unit volume of the porous media. 
characterizing the amount of solid particles retained in the 
} first follows an ascending trend, from zero to the maximum 
and then a descending one down to zero 
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According to the foregoing assumptions, the probability of 
changing the system from the state En ^  En - 1 is equal to 
1 - Yi (A. - n )At - Yo n At . l o p  z  p  
Using the same methodology as in the previous model (22), 
Litwiniszyn (70) pointed out that the new distribution of probability 
of the random variable has an average value. 
ECU' ) -Yi 
-(Yi + YgSC 
1 - e 
(Yi + Y;) 
(61) 
and a variance 
(C)' Yi + Yg 
-(Yi + YgiC 
1 - e 
"(Yn + Yo)t 
1 - Y^d - e ) 
(Yi + Y;) 
(62)  
In Poland, and particularly among the scientific workers in 
Cracow, it was the publication of a paper by Bodziony and Litwiniszyn 
(10) that gave rise to the interest in colmatage problems. In the 
last named paper, a certain mathematical model reproducing the process 
of colmatage was advanced and the phenomenon itself was described by 
two equations: 
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(63) 
= Y A - P N' 
6(t) o ^(x,t) ^ (x,t) (64) 
where N (x,t) denotes the volumetric (dimensionless) concentration 
of the suspension in an immobile porous medium at the point x and the 
moment t after the process has been started, and P (x,t) means the 
concentration of pores of the medium which already underwent colmata-
tion. 
Equation 63 may be regarded as a balance of particles carried by 
the fluid flowing through a porous medium. The second equation 64 
describes the kinetics of the process of colmatage. 
The system of equations 63 and 64 was solved with respect to the 
functions and P^^ the following boundary conditions being 
assumed 
N' (o,t) = n^ = constant 
t 
P(x,t) = o for X - / V dt ^ o 
o (x,t) 
V i constant. (x,t) 
(In the final solution, the author replaced this with a constant 
superficial velocity.) 
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The solutions obtained are of the following form: 
X-V t > 0, 
s 
(x,t) for< 
""p^l (X - V t) 
°l '"p^l (X - V t) ApYl 
i65) 
X 
.X-V t < 0 
s 
,e + e s - 1/ 
X-V^t > 0, 
N' (x,t) for< (66) 
"p^l (X - V t) 
e ^s 
""p^l (X - V t) 
V ® 
Vi 
^X-V t < 0 
s 
+ e 
Trzaska (104), presented the experimental verifications of the 
equations 65 and 66 with reasonable agreement. Also, one year later, 
he proposed a very similar solution of his own (103). 
Litwiniszyn (67) followed a different approach to describe the 
phenomenon of colmatage due to a diffusion mechanism under the assump 
tion that the intensity of diffusion flux, i, is proportional to the 
gradient concentration, N. The system resembles a one dimensional 
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process occurring in a tube with rectilinear x-axis and with a constant 
circular cross section. The author assumed the same kinetic equation 
as in equation 63, but a different continuity equation of the form: 
 ^  ^  - "^ 27 + E = ° (67) 
where is a constant. 
The solution of equations 63 and 67 is a rather complicated one, 
of very little utility for practical calculations, and hard to verify 
experimentally (66). 
However, in 1966, the same author considered the case of a con­
tinuous and dynamic diffusion and suffusion occurring at the same time. 
The proposed equation is 
6t' "26^'(x,t) F(x,t)] ^28 F(x,t) (68) 
where a.» is a constant and the term o i .qP , has been introduced to fcO ZO^Xytl/ 
account for the phenomenon of suffusion. 
The author claimed the possibility of getting a certain solution of 
Cauchy's problem, related to the phenomenon of colmatage, in a form 
more convenient for physical interpretation than that of the solution of 
initial boundary problems. Unfortunately, the complexity of the mathe­
matical solution (66) was not resolved. 
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Bodziony and Kraj (9) discussed the phenomenon of colmatage-and-
suffusion as a simultaneous process. The authors solved the system of 
the kinetic equation 68 and a new continuity equation of the form: 
e -I- e v/" (69) 
Kraj (65)also presented a simplified model of colmatage accompanied 
by diffusion alone as described by equation 64. The author used the 
continuity equation: 
Kraj was able to solve equations 64, 68 simultaneously using 
Laplace transformation. He came out with the following function for 
^(x,t)= 
For 0 •$ t < t. 
' -Bt 
P ( x . c ,  •  °  V  "  f  I :  +  
^^ 7 
2vr 
erf ——^ dt 
For t > t^ 
64 
(x,t) 
eV 
s 
2dl 
a N e 27 
o 
-BT 
[1 + B(t - t)]e 
t - t. 
erf dx (70) 
zVT 
where erf is an error function, x is now a parameter such that x = 
(t - t^) (X - X^) and the constant B is defined from the equation 
e'v/ + 4 «26 «27 
O > 
and 
"o = for X = 0. 0 < t < t^ 
It should be mentioned that in the foregoing models (9, 30, 66, 
67, 70) the authors didn't support their theories with experimental 
evidence to verify the soundness and true representation to the process 
of suspension filtration. Moreover, some of the authors proposed more 
than one model with different assumptions concerning the questionable 
step of detachment. Such discrepancies, besides the complexity of the 
mathematical solutions, render such theoretical filtration theories of 
very little practical utility, and defeat the purpose for which they 
were intended. 
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In the last two decades, several investigators have attempted to 
combine the physical and chemical aspects of the theory of filtration 
in a mathematical model that accommodates such variables affecting 
particulate removal inside a filter bed. Ives, Lerk and Heertjes in 
London, Litwiniszyn and Bodziony in Poland; Mints and Schektman in 
Moscow; Deb in India, and O'Melia and Strumm in U.S.A.; Mackrle and 
Mackrle in Czechoslovakia are among workers whose names are cited in the 
literature. 
Heertjes and Lerk (39), for example, presented a model for filtration 
of flocculated suspensions of particles of 100 to 1000 orders of magni­
tude less than the pore size of the filter media and with a density 
close to the water. They concluded that gravitational and centrifugal 
effects could be ignored in considering the mechanisms of removal for 
such particles. Furthermore, they also concluded that London-van der 
Waal forces are the only possible interaction by which such particles 
can be caught in the filter bed. 
According to the foregoing assumption the authors discussed the 
resemblance between bed geometry and an array of alternating mixing and 
laminar cells. In the laminar regions, particles falling in the field 
of the molecular attractive forces are assumed to be subsequently 
attached to the grain surface. The space available for removal, 
inside the laminar cell, is that through which an equilibrium exists 
between attractive forces and Stokes drag forces. Denoting ^ as the 
maximum separation distance for removal to occur within a time interval 
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G'Yo'E a  
equal or less than the cell residence time, 0 = —— , where e 
s 
is the length of each unit cell. The authors conclude that 
H 1/3 
8 )  (7 1 )  
The volume space within which removal occurs, denoted as the rela-
3 tive adhesion volume D , is equivalent to N (a ) where N is the 
e Z  °  Z  
number of laminar cells per bed unit volume: 
Therefore, 
2 TT^V. d 
where yg and Y4 are proportionality constants. 
Using the concept of relative adhesion volume (D^), Heertjes and 
Lerk proposed the following mass balance over a unit cell: 
- 1 1 =  
which leads to the equation: 
67 
- ë = #) G ^ ^ C = Yg - a) C (72) 
The system of equations 49 and 72 were solved for time and depth 
in filter and the result is: 
" -V C Yet y e  x 
1 + e ® ° ^ (e ^  ° -1) 
and 
g  
'5^0 YcEnX 
1 + (-
"sVe' , 
-1 
Utilizing both equations 73 and 74 the author provided an inter­
esting conclusion regarding the relationship between bed depth, L, and 
time to breakthrough, t^, as follows: 
'r V C Yc ^ ^ ^ 
s  o ' 5 
Expansion of equation 75 results in 
Vo •• Vs^o 'r + 1- <T - » 
e = e +1 
For the special case 
then. 
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+ 1* (IT - ^ 
^ <^0 'r + 7^ <T - " 
o ' 5 o 
and for a particular value of C^/C, 
= A| tr + Ag (76) 
where 
V C C 
4 = -P ' ^2 = 1" (f - 1) 
o ' 3 o 
Combining equations 49 and 72 leads to the kinetic equation: 
If • ^5's - «) C ("> 
The right hand side of equation 77 is the attachment term in the 
author's model. The rate of particle deposition inside a filter 
lamina at a given time is proportional to approach velocity V^, suspen­
sion concentration C, and net space available for deposition (e^ - a) 
at that time and depth. As shown from equation 77, a filter bed 
would virtually continue to remove incoming particles at a declining 
rate, until all bed porosity is filled in and there is no space for 
stream line flow. Such a situation is impossible to meet in normal 
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operation and in the writer's opinion the following correction is 
suggested to overcome that weakness of Hertjees and Lerk model: 
= Y Vg (a , - a)C (78) 
5 
where is an ultimate deposit value past which a bed would no longer 
remove particles. The value of is always less than and represents 
a practical saturation limit, a function of type and concentration of 
suspension, flow approach velocity, type of chemical pretreatment, and 
bed porosity and surface characteristics. 
Herzig et al. (42) proposed the kinetic equation: 
 ^• "a' '"o - ° 
where is the deposit self-porosity, k^ and k^ are the attachment 
and detachment constants. This equation is similar to a Langmuir 
adsorption equation: 
= k C (F - a) - k^ a (80) 
and in the usual adsorption terminology, k^ and k^ are adsorption and 
desorption constants respectively, and F is adsorber ultimate capacity. 
Although equation 79 includes the same error as in 77, it can 
falsely fit actual observations particularly towards the end of a filter 
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run. The reason Hertzlg's model resembles a real breakthrough curve 
is that it includes two different terms. The first one, k C (e - —), 
a o Pg 
is an attachment term which is very close to Heertjes' and Lerk's 
equation 77 and includes the same error pointed out before. The magnitude 
of that term decreases during the progress of a filtration run as the value 
of a continually increases. The second term is a detachment term and 
is proportional to the existing deposit content. The combined effect 
of the two terms, one is descending and the other is ascending, is a 
false fit to the real data which could occur if the values assigned for k^, 
kj are adequately chosen for this curve fitting technique. 
Saatci (89)> unaware of Hertjees' and Lerk's work, developed an 
analytical solution to equation 79. The author pointed out that the 
detachment term is insignificant and may be ignored. For this particular 
case, the solution was: 
k^Cot 
k^Cot 
e ^s 
k FX 
a 
+ e 
(81) 
The solution is very similar to equation 7 3, presented by 
Heertjes and Lerk. For convenience, equation 73 has been rearranged 
to show the similarity as follows: 
VsCoYst 
X Co VgCoYgt YgGo , 
e + e - 1 
(73 rearranged) 
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The principal difference is that Saatci's solution does not include 
the minus 1 in the denominator. Saatci presented the following linear 
transformation to the breakthrough equation 81: 
Q 
t = „ y L ^— In (~ - 1) (82) 
The analytical solution presented by Saatci and given in equation 
81 was found to include three deficiencies. The first two are the 
models' lack of fulfillment of two principal boundary conditions: 
1 .  C = C  a t  X  =  0  a n d  t  ^  0 .  
- k g  x / V  
2 .  C = C e  s  a t  t  =  0  a n d  x  ^  L .  
0 
where L is total bed depth. 
Applying the first boundary condition to equation 81 yields: 
C e 
e +1 
which does not satisfy the first boundary condition. Also, at t = 0 
equation 81 relates C = f (C^,x) as follows: 
C -k E X 
c = 5 ^ 
k G X Ce s 
1 + e-^ ° 
s 
which does not satisfy the second boundary condition. The third 
deficiency is similar to that found in Adin's model. Rewriting the 
kinetic equation 79 as used by Saatci, 
72 
-kdO 
s 
at C = 0 (i.e. if the influent is clear water after a period of 
suspension filtration). 
6a 
••• 6t = -kjC 
i.e. InO =-k^t + constant. (83) 
If we assume that at the time t^ when the influent was free from 
particles, a = a^. 
InOj^ = -k^t^ + constant 
•• constant = In a, + k.t. 
1 a 1 
Accordingly equation 83 may be expressed as 
In 5:- = kd (t^ - t) = k^ (t - t^) 
:.a = a^e "kyfc " (84) 
Equation 84 demonstrates a continuous decay of the amount of 
deposit inside the bed with respect to time when no solids are being 
fed to the filter. This is, however, contrary to the observed zero 
rate of decay during Mackrle's experiments (109). 
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Adin (1) proposed the following mass balance and kinetic 
equations: 
' ® + I? • 0 (85) 
and 
= kaC F - a 
kj 
^ a (86) 
P 
where, 
V = V^t = volume of liquid passing through a unit area in time, t. 
V 
K = -j- = hydraulic conductivity or coefficient of permeability, 
P J 
J = the flow hydraulic gradient. 
. The coefficient of permeability, is a modified form of the 
Shekhtman's formula as quoted by Adin (1): 
S = So 
Since, in Adin's model the system of the mass balance and kinetic 
equations do not have an analytical solution, the author resorted to the 
computer technique and presented a stepwise numerical solution. 
Saatci pointed out that making the substitution, J = 1, renders 
Adin's model analytically solvable. The approximation presented by 
Saatci didn't significantly change the predicted breakthrough curves 
drawn for different values of k^, k^ particularly during the initial part 
of the run before breakthrough. 
However, Saleh and Cleasby (91), in a discussion of Adin's paper, 
pointed out the weakness of the model in handling all possible filtration 
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conditions. For example, when C = = 0, Adin's model would also 
indicate a continuous decay of the previous deposit as discussed in 
the third deficiency of Saatci's model. Such a case, therefore, indicates 
that the author's equation 86 is inadequate to handle all the possible 
filtration conditions appropriately. Ives (57) pointed out the same 
weakness of the scour term in Mints' continuity equation (10): 
ÔC _ , 8a 
" 6L - ^o^ " Vj (86a) 
where 0 is Mints' scour coefficient. 
Ives followed a different line of reasoning that led to the 
impossible situation that a could, under some circumstances, exceed 
the value of the initial porosity of the clean bed. Therefore, Ives 
suggested the following form of Mints' equation to circumvent that 
impossible situation: 
" IT " ^ ^o " ^ (GGb) 
s 
where 0 is a new scour coefficient. 
Mints' cited in (109) explained the difference between his model and 
Mackrle's observation stating that the model is dynamic, and in order 
for detachment to occur, the suspension momentum energy is required 
to detach the old deposit. Therefore, clear water can not cause 
detachment. Accordingly, a detachment term, if proven to exist, 
should reflect these principles. 
Furthermore, Mints' model of filtration cited in (109) does not take into 
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consideration the initial improvement of filtrate due to the increase 
in the bed surface area. This improvement period was previously 
demonstrated by Ives (55) and by Fox and Cleasby (31). 
As a conclusion, it can be stated that current filtration theories, 
whether simple or complex, provide an interpretation of observed facts 
concerning the particular filters and suspensions studied by each in­
vestigator. It must also be stated, however, that none of these theories 
can predict the performance of a filter treating a given suspension with­
out extensive laboratory testing. None of these theories is capable of 
predicting the performance of the same or another filter treating 
another suspension. 
Ives and Sholji (62) compared several filtration theories by 
evaluating the relationships which these theories predict between the 
filter coefficient, X, and the physical variables, sand size, d, filtra­
tion velocity,Vg, and water viscosity. The results are remarkable in 
their disagreements. The authors presented the following results: the 
filter coefficient is reported to vary with d ^ to d with v^° to 
v^ with y ^ to 
It doesn't appear unfair to state that current filtration theories 
are either too simple to be flexible enough to apply in practice, or 
too complex (i.e., require an excessive amount of experimentation) to be 
useful. In either case, they disagree to such an extent that general 
applicability be questioned. 
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Modeling Contact Flocculation 
A contact flocculator exhibits characteristics of both in-bed 
filtration as well as in-bed flocculation. Therefore, an acceptable 
model must include the contribution of both of these two processes. 
Conventional flocculation often is described by the kinetic 
equation: 
- ^  = (aggregation term) - (break-up terra) (87) 
where N = number of particles per unit volume at time t. 
The aggregation term takes into consideration particle contact due 
to the effect of artificially introduced mechanical agitation and 
particle contact due to molecular random motion. In other words, 
there are basically two mechanisms of flocculation, perikinetic 
(molecular) and orthokinetic (mechanical). The relative significance 
of each is a function of particle size, mixing power and water tempera­
ture. Design recommendations for mixing and flocculation tanks 
suggest that it is plausible to assume the predominance of the ortho-
kinetic mechanism for most conventional flocculation processes (101). 
The equations of Smoluchowski and the contributions of numerous 
authors, listed in Huek and Murphy (45), have enabled the coagulation and 
flocculation phenomena to be expressed in the following mathematical 
form for the union of two particles i and j: 
Perikinetic 
- ^  = ttpATTRij Ni Nj Dij (88) 
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Orthokinetic 
dt "'o J Tr(Rij)^  Ni Nj (89) 
where 
-dNi 
dt the time rate of reduction in concentration of i-
particles (number/ml sec) 
a & a = dimensionless perikinetic or orthokinetic collision-p o 
efficiency factors 
Rij the distance between centers of two particles i and 
j in contact 
Dij diffusion constant for the particles in perikinetic 
transport 
= velocity gradient of the fluid medium in orthokinetic 
transport. 
Perikinetic transport resulting from Brownian motion is represented 
in equation 88 by the diffusion constant, Dij, as defined, for this 
system, by the Stokes-Einstein equation: 
k = Boltzmann's constant. 
Orthokinetic transport is dependent on the flow velocity gradient, 
. In normal flocculation units, the velocity gradient is obtained 
by exerting mechanical agitation. However, in porous media, fluid 
where 
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flow is laminar and the velocity is distributed according to laminar 
flow through capillary tubes according to the model presented by 
Camp and Stein (15): 
" = "max - 2" ^  
where 
^max ~ max. flow velocity at the center of a capillary channel 
u = mean velocity in the capillary channel 
r = radius at which (u) is calculated 
R = radius of the capillary channel. 
.2 ^2 
i-G- " = "max ( 
In" a three dimensional flow, a fluid element moves under an equili­
brium between the shear stresses acting above its surfaces and the 
difference in pressure components. So that, in general, the total 
work done by shear per unit of volume per unit of time in all three 
planes is (15): 
2 (j) = yG = y •ôu , 6v 2 ,6u , 610.2 , ,6v 00) 2 
where 
G = is the absolute velocity gradient at a point, 
u, v, w = fluid element velocities in the directions, x, y, z 
respectively. 
(90) 
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G is the root mean square velocity gradient and generally is 
equal to the square root of the input power, p, per unit volume, 
divided by the fluid viscosity. 
^ =>/tïv 
Camp and Stein (15) generalized Smoluchowski's equation to include 
turbulent flow conditions by introducing the variable, G, to replace 
the velocity gradient in laminar flow. For unisize spherical 
particles, the rate of disappearance is (15): 
f- - i n No KG (91) 
in which N = the number of primary particles present at time t; = 
the number of primary particles present initially; n = the fraction of 
collisions resulting in aggregation; d^ = the particle diameter. 
Integrating equation 91 for the boundary conditions N = at 
t = 0 and N = N at t = t, gives the relationship: 
-(K-N Gt) 
N = N e (92) 
o 
where 
- (§) ndp 
Argaman and Kaufman (6) noted that the application of Smoluchowski's 
theories to turbulent flocculation required that the particles be much 
smaller than the smallest scale of turbulence, an assumption that was 
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not justified in the flocculation systems encountered in water treat­
ment practice. The smallest scale of turbulance is defined as the 
average size of the turbulent eddies or the size of the packet of 
fluid all of which has the same velocity (6). To account for the 
length and time scale over which turbulent velocity fluctuations occur, 
the authors developed a diffusion coefficient for particles and floes 
based on the turbulence energy spectrum. Their rate equation for the 
aggregation of primary particles was: 
^ = -4ïïn Kg Np N ij^ (93) 
in which is a proportionality constant expressing the effect of the 
turbulence energy spectrum on the particle diffusion coefficient (for 
a particular turbulence field and particle size, is constant); 
Rp = floe radius; = number of floes; N, n are the same as before; 
- 2  
and U = the mean square velocity of fluctuation = K^G. Where is 
a performance parameter characterizing the stirring arrangement. 
Floe concentration may be expressed as a function of the initial 
particle concentration, N^, and floe radius as a function of the 
number of particles remaining in suspension, according to the formula: 
R? Np = Rp (N^ - N) (94) 
where 
Rp = the radius of primary particles. 
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Equation 93 is therefore transformed to: 
f - -4'n Kj RJ Nj s G 
= -^ N (N - N)G 
3 ^ 
in which K, = l/(4nn K„ R^) J  / Jf p •?. -"* 
(95) 
Separation of variable to render this equation exact imposes the 
restriction N f N^. Since » 1, the lower limit of integration 
can be set at - 1 with negligible effect. Integration of this 
equation for the boundary conditions N = - 1 at t = 0 and N = N 
at t = t gives (6):. 
When the floe break-up terms are included in the Argaman-Kaufman 
model, the boundary conditions for integration are the same as for 
the corresponding aggregation model. By this model, the rate at 
which primary particles are released depends on the surface shear, 
the floe size, and the size of the primary particles. As the shearing 
_2 
stress depends on U or K^G, a possible expression for the rate re­
formation of primary particles due to floe break-up was proposed by 
Argaman and Kaufman (6): 
N = 
- 1) exp (-KgN^Gt) 
(96) 
1 + (Np - 1) exp (-KgN^Gt) 
(97) 
P 
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2 in which = the break-up constant. The term may be replaced 
by another term incorporating both and N by simple manipulation 
to equation 94 as follows: 
"f • "p - "> 
However, Argaman assumed that the number of floes is proportional to 
the number of primary particles: 
Hp = *4 N, 
where is the proportionality constant. 
AN N 
F 4 o 
Accordingly, 
4 "f  - "p C. -
Equation 97, therefore, becomes: 
f - ^^1/3 V 
W4^ '^  <"o -
K N 1/3 (N _ n)2/3 Q (98) 
50 o 
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The net rate of primary particles disappearance is obtained by 
summation of equations 95 and 98. 
rlN 1 1/3 2/3 
^ ^  N (N - N) G + K, N (N - N) G (99) 
o  l o  d o  o 
in which Kp. 
Since » N, equation 99 is further simplified to the form: 
# = -Kg N^NG + K5 G (100) 
in which K, = 1/K„. 
D j 
Equation 100 can be integrated within the limits N = at t = 0 
and N = N at t = t, to give 
-K,N Gt 
N = (N^ - K^)e ° + Kj, (101) 
where 
During the process of flocculation, if the mixing power is too 
intense or is overtimed the previously formed floes might break up 
again. For this reason, according to the current state of flocculation 
technology it is necessary to consider the individual values of G and t 
rather than merely the product of G.t. The values of both C and t are 
confined to certain limits that provides optimum flocculation efficiency. 
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The mean square root of velocity gradient, G, for any mixing 
process is a function of fluid viscosity and mixing volume and energy. 
In the special case of mixing due to flow velocity gradient inside a 
granular media reactor, the mixing volume and energy are proportional 
to bed porosity, e, and pressure loss per unit bed depth, ^  , 
respectively. At any bed depth, x and time of filtration, t, both e 
and ^  are functions of deposit content a(x,t). Consequently, for the 
same point (x,t), the root mean square of velocity gradient, G, is a 
dependent variable of the parameter a(x,t). 
Bhole and Mhaisalkar (8) investigated various parameters of the 
sand flocculator such as bed depth and media size. A combination of 
three different bed depths, 40, 50, 60 cm, and four media sizes 1-2, 
2-3, 3-4, 4-5 mm were included in the study. A constant upflow rate 
of 4 m/hr of 100 JTU influent suspension was used in each run. The 
study concluded that among the various depths and sizes of sand, the 
40 cm depth and 4-5 mm size gave a velocity gradient of 70 sec ^ 
which was in the range prescribed for flocculation. Other combinations 
resulted in higher velocity gradients. 
Bhole and Mhaisalkar calculated the above flow velocity gradients 
using headloss measurements and the following equation: 
G = yj gh^/vt^ (102) 
where h^ is the headloss across the sand bed. However, the authors 
didn't seem to fully comprehend the use of equation 102 for two 
reasons. First, an upflow granular media bed which is partially clogged 
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with solids exhibits a descending velocity gradient, G, the highest 
value being at the bottom and the lowest at the top. The authors 
calculated a single G for the entire bed. Second, the bed residence 
time, ty, is not constant during the whole run and decreases with 
the progress of solids removal. However, the authors used a constant 
value for the detention time in the bed to calculate G. 
Ives and Aldibouni (58) used a similar equation to calculate 
the velocity gradient inside a downflow granular media bed. The 
authors (58) stated that the velocity gradient (G, being a space-
averaged mean of the field velocity gradient ^ ) in a clean fixed bed 
can be calculated from the power dissipated in head loss as follows : 
(103) = = Vy 
where ^  is the power dissipated per unit liquid volume, and ^  is the 
hydraulic gradient. 
Using Kozeny's equation for the hydraulic gradient with a con­
stant of 5, equation 103 becomes the following for spherical grains: 
*8 (1 - =0) 
G = 13.4 -2— o_ (104) 
^o ^ 
The only shortcoming of the Ives and Aldibouni equation 104, is 
its limited application to clean beds. The authors (58) used equation 
104 to calculate to provide a G of 10 sec ^ for flocculation experi­
ments. The experiments were abandoned because particle removal in the 
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bed interfered with the flocculation observations. Again, it 
should be recognized that equation 104 can only be used for the clean 
bed. 
Perhaps the most significant development in the area of contact 
flocculation was recently presented by Will son et al., (111). The 
authors derived theoretical relationships for the rate of flocculation, 
mean residence time, t^, and the product Gt^ from fundamental relation­
ships based on the capillary model for flow through a granular filter. 
The derived relationship between the average velocity gradient at 
time, t, the interstitial velocity, V^, and the average capillary 
diameter, d , was as follows: 
eq 
4.266V. 4.266V. 
i " "id 
eq eq 
(105) 
The Hagen-Poiseuil]es formula for the head loss, h, in a capillary 
is 
32yLV 
h ^ (106) 
eq 
Also, assuming the number of capillaries, N^, remains constant, the 
porosity, e, is 
TTd^ N 
(107) 
f 
where A^ is the cross-sectional area of filter. Combining equations 
106 and 107, the average capillary diameter, d^^, at any time t is 
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(108) 
where 
128uLAp 
K„ = 
8 TTpgN^ 
The combination of equations 105, 107 and 108 results in: 
^t = S (109) 
where 
^ 4.266PR /iZGW lAg 
9 32uL V TTpgN^ 
. 0.343 
The bed residence time t^ was presented as a function of h and as 
follows: 
_ ^ d^ „ïïN LïïN 1128ULA. ~ / 
'b - v; - v; 4Â7 wT-
where 
10 
8L^TTWNr 
P SAf 
1/2 
Combining equations 109 and 110, the product G^.t^ becomes 
t^'^ b 1^1^  ^
s  
(111) 
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where 
Kii Kg.K]Q 
Finally, Willson et al.. Oil) proposed the following relationship 
for headloss, h, with filtration time t: 
h = hg + St (112) 
where s is the slope of the linear head loss development curve. The 
functions for G^, ty, G^.t^ were first derived by substituting in 
equation 109, 110 and 111 for h as given in equation 112. The derived 
functions were then integrated and divided by run length, t^, to get 
G^, ty, and G^t^, thus giving an average value for the parameters 
during the filter run. 
10 
. 1.75 , 1.75 
t^ " '^ o 
h/-5-h0'5 
t o 
0.25 
1.75 St 
V 
0.25 
0.5 St 
(113) 
(114) 
Vb 
1^1 
, 1.25 , 1.25 h^ - h 
t o 
0.25 
1.25 St (115) 
Willson et al., (111) did not provide a method for calculating 
the parameter N^, and therefore it wasn't possible to explicitly 
determine the value of G, ty, and Gty. In order to circumvent this 
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tfa 
problem, the authors used the terms —, ^ ^— instead. 
9 10 11 
The work of Willson et al., (Ill) is of interest because it is 
related to the objectives of this thesis. However, it suffers from 
several deficiencies. 
1. Explicit values of G, ty, or G.t^ can not be calculated from 
equations 109 through 115 because the constants include the 
number of capillaries, N^, and no method of determining 
was presented. Only the related values of G, t^, and G.t^ 
including the appropriate constant was presented. 
2. The authors only applied the equations to the entire bed head 
loss where in fact, G, t^ and G.t^ are functions of both bed 
depth and time of filtration. 
3. In deriving equations 113 through 115, a linear head loss 
equation was assumed which is not appropriate to all filtration 
situations as shown in the prior chapter on Hydraulics of 
Water Filtration. Furthermore, it is not applicable to a 
coarse media without flocculation at high flow rates or high 
solids loading where the primary goal is flocculation at steady 
state rather than filtration. 
The dual media consisted of 1.513 mm average grain size anthracite on 
top of 0.675 mm average grain size sand, the flow rates were 0.1, 0.2, 
0.3, 0.4 cm/sec, and influent suspension concentration was 4.0 mg/1. 
As a result of the above filtration conditions, particle removal pre­
dominated rather than contact flocculation and the head loss followed 
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a straight line relationship with respect to time of filtration as 
proposed in equation 112. Unfortunately, the authors neither tried 
larger size media and higher influent concentrations nor extended 
their runs beyond 8.0 hours to allow for steady state to occur. The 
occurrence of steady state beyond break-through is proposed by the 
writer and was experimentally proven by Bhole and Mhaisalkar (8). 
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ANALYTICAL SOLUTION TO THE FILTRATION EQUATIONS 
In the section of literature review of theory of water filtration, 
several analytical and numerical solutions were presented for the two 
mass balance and kinetic equation. Two major comments are worth 
mentioning. First, the discrepancies among filtration models are 
great. Second, the controversial issue concerning particle dynamic 
detachment is still unresolved. 
In the following section,a new kinetic equation is proposed. 
Also, an analytical solution of the filtration equations is presented. 
It is the writer's opinion that rate of particle deposition is 
enhanced by the amount of space available for removal and retarded by 
the increase in fluid shearing forces designated by the value of the 
hydraulic gradient, J. The space available for particle deposition is 
the difference between an ultimate deposit content value, O^, character­
istic of each filtration condition, and the existing amount of deposit­
ion C. The new proposed form of kinetic equation is: 
(1) 
where 
k = attachment constant 
a 
-1 
(la) 
s u 
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where = permeability coefficient for the clean bed and the change 
of with O is from Adin (1). 
a-Vf) 
s u 
u 
(lb) 
where 
= K^ f^ ((7)C (Ic) 
K = k K 
o a po 
The mass balance equation is similar to that used in any fixed 
bed process involving the transport of matters from the mobile to the 
stationary phase. For an axial flow filter with a constant cross-
sectional area, this is written as 
6(0 + EC) 
= 0 (2) 
The other assumptions involved are one-dimensional plug flow 
and negligible axial dispersion of particulate matters. The porosity 
(or void fraction) of the bed e changes with time as particle 
accumulation within the bed increases. If the deposited matters 
form relatively smooth coatings outside the filter grains, e and a 
can be related by the simple expression 
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s 
where 
= deposit porosity. 
However, for all practical purposes the change in concentration 
of particles in the pores with time is very small compared to specific 
deposit G except in the beginning of the filter run. Equation 2 could 
be written approximately as 
Combining equations lb, 2 yields 
Equations 1 and 3 give a macroscopic description of the dynamic 
behavior of deep bed filtration with the following initial and boundary 
conditions: 
C = C  a t  X  =  0 ,  t  >  0  
o = 0^ at X = 0, t > 0 
a = 0 at t = 0, X > 0 
The solution of these equations yields values of C, a as functions 
of time and position. Specifically, one can obtain histories of 
filtrate concentration and deposit accumulation across the bed, which 
in turn, can be used as a basis of design and optimization. 
(3a) 
o 
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The simultaneous solution of the mass balance equation and the 
kinetic equation perhaps deserves some comment. These equations 
are of the same type as those found in a variety of engineering 
applications such as fixed bed adsorption, cross flow heat exchanger, 
heat generators, etc. If the rate expression is of a certain kind, 
analytical solutions may be possible. 
Consider a porous bed of depth L and unit cross-sectional area. 
At any instant t during the filtration run the mass balance at any 
section at depth, x, and for the part of the run elapsed may be 
written in the following form: 
Total amount ^  
of solids I 
applied to 1 
filter at x =? 
0 for the 1 
period (0-> t)J 
Total amount 
of solids 
passed through 
filter layer 
at depth x for 
(0 t). 
^Total amount 
\ of solids 
J stored in the 
< bed layer from 
I the surface up 
/ to section x 
Lat the time t. 
i.e. V f C dt = V o s 
r  r  
f  a . . .  f  adx (4) 
If the suspension concentration is substituted by the expression 
C = da 1 
ôt 
as in equation 1, where 
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3 
f/o) = (1 -V^) (o - a) 
(1 -V|^ )" (1 -V^ )(l +i~) 
u u 
equation 4 becomes 
and 
r da _ r \ 
J af^Ca) - J 
(4a) 
"s / Co't • "s / • f " + /""X ») 
"o ° 
Differentiate equation 5 with respect to x 
42= _ ^2 (0) (5a) 
^ s 
.0 K 
i . e .  I  =  I  -  T T  d y  (6)  
a o 
o 
In order to carry out this integration the value of the lower 
integration limit o^, the deposit content at x = 0 and time t must 
be known. For this purpose,it is useful to utilize equation 1 by 
employing a known value of suspension concentration at (x = 0, t = t). 
At depth X = 0 equation 1 becomes 
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do 
-d# • Ko'l'OC. 
do 
• J W • / 
Upon Integration of equation 7 the relationship between the deposit 
content at x = 0 and time t is attainable, i.e. o^. By feeding back 
the value of = f^Ct.C^) into equation 6,it is possible to carry 
out the integration part in the left hand of equation 6. The constant 
of this integration is generally a function of time TCt). The functional 
relationship a = f^ = ^2(^,6^), (x,V^)] can therefore be determined. 
Combining equation 1, 3 and 5a: 
If '  cj£i(a) (5a) 
a useful relationship C = a, C^) may arise. From equations 
1 and 3 
-'s 
\ 
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also, from equation 5a: 
-  - %  #  < «  
Equating the R.H.S. of both equations 8 and 9: 
lis 5Ç ^  % to 
C 6x a 6x 
.. r 6c r 6a 
V - - y  -
o o 
In -p— = In •£— 
^o ^o 
C_ _ G_ 
" C O 
o o 
C 
••• C = ^  a (10a) 
o 
i.e., C = O^, t, X) (10b) 
The system of equations 1 to 10 provides a very useful and 
general step-wise analytical solution to the filtration equations 
regardless of the form of f(a). In the following pages, the new 
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kinetic equation 1 and the mass balance equation 3 are solved 
simultaneously in order to develop the relation of specific deposit 
and suspension concentration with depth and filtration time. 
Develop Relationship for as Function of Time 
First, solve for utilizing equation 7 
y àa 
J W' 
The left hand side will be denoted by and will be integrated as 
follows: 
0 
a 
r °  '"'o 
- J  — ^  
° (°u - °o) 
u 
a , 
r o da 
1 o 
3 fa" a • 
a 1 - ^  1 -J— 1 + — 
u \a > 0 a 
u u u 
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o 
= / 
da 
(11) 
u 
Use the substitution y 
2 y = — 
u 
(11a) 
In order to obtain do in terms of y, take the partial differential 
of both sides of the preceding equation 11a: 
•• 2ydy = — da 
a o 
u 
do^ = 2o^ydy (12) 
Therefore,equation 11 becomes 
a 
o y = ^ 
/
OyZydy 
[i - y] ^[i + y] 
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. 2 f ^ (13) 
o [i - y] [i + y] 
[i - y] '^ [i + y ] 
However, the quantity may be expanded as follows: 
+ .. *2 . + + 
[i - y] '• [1 + y] (1 - y) 
A4 ^ Aj 
(1 - y)^ (1 - y)' 
such that 
1 = A^(l - y)^ + A2 (1 + y)(l - y)^ + A3 (1 + y)(l - y)^ + 
A^ (1 + y)(l - y) + Ag (1 + y) (14) 
1 = A^ (1 - 4y + 6y^ - 4y^ + y^) 
+ A^ (1 - 2y + 0 + 2y3 - y^) 
+ A3 (1 - y - y^ + y^ + 0) 
+ A^ (1 + 0 - y^ + 0 + 0) 
+ A^ (1 + y + 0 + 0 + 0) (15) 
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In order to solve for the coefficients A^,...,A^,equate the 
o A 
coefficients of y , y,...,y in both sides of equation 15. Therefore, 
A^  + A2 + A^  + A^  + A^  = 1 (16) 
-4A^ - 2A2 - A^ + 0 + A^ = 0 (17) 
6A^ + 0 - A^ - A^ + 0 = 0 (18) 
-4A^ + 2A^ + A^ + 0 + 0 = 0 (19) 
A 1 - A 2  +  0  +  0  +  0 =  0  ( 2 0 )  
From equation 20 
= Ag (21) 
Solving equations 21 and 19 yields 
-hk^ + 2A2 + Ag = 0 
A3 = 2A2 (22) 
From equations 22, 21 and 18 
6A2 - 2A2 - A^ = 0 
\ = AAg (23) 
Combining equations 22, 21 and 17 
-4A2 - A2 - 2A2 + Ag = 0 
A5 = 8A2 (24) 
102 
Substituting for A^, A^, A^ and A^ from equations 21, 22, 23 and 
24 into equation 16 
A2 + A2 + 2Ag + + 8Ag = 1 
Ag = 1/16 
therefore . 
= A2 = 1/16 
Ag = 2A^ = 1/8 
A^ = 4A^ = 1/4 
Ag — SAg — 1/2 
and 
4 • 4 ydy (1 - y) (1 + y) 
_2_ 
16 /( 
ydy 
(1 + y) 
r ydy 
J (1 - y) + 2 + 4 „ J (1 - v1 J (1 - ^ (  y) (  y)" 
+ 8 
(1 - y) 
1 
8 (1 + y - log (1 + y) + < 1 - y - log (1 - y)l 
+ 2 <log (1 - y) + 
1 - y)j Ml - y) 
Log throughout the thesis refers to natural logs base e . 
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2 ( 1  
+ « [— 
- y) J (.2(1 - y)' 3(1 - y) 3( 
h = i log (rtj) + 2 
2(v^ - 3y + 2/3) 
(1 - y)3 
The right hand side of the above equation includes an exponential 
2 
term, (0) = log , and the term, G- (a) = -2 ^ 3y + 2/3 ^ 
^ (1 - y)^ 
For values of y< 0.5 both terms are approximately equal in magnitude 
and opposite in sign. The sum of both terms is another function of o 
that could be regarded as proportional to either term as follows. 
G(a) = G^ (a) - Gg (a) = constant G^ ( o )  
The value of the proportionality constant is not known and therefore is 
assumed equal to unity by introducing the proper changes in the value of 
the attachment constant k . 
= i log (Hf ) + ^ log ( g—) + 2 
1 + -^  
Substituting into equation 7 
/
o do .t 
W • / 
I" 
•• j {log 
u 
+ 2 
' u 
= K C t 
o o 
104 
= K C t 
= K C t 
o o 
' ' k  
u 
= e 
8K C t 
o o (24a) 
/°u - y°o 
= e 
8K C t 
o o 
- K  
1 + e 
8K C t 
o o 
• K  
8K C t 
e ° ° -1 
& • & 1 - e 
8K C t 
o o 
1 + e 
8K C t 
o o 
Upon squaring both sides of this equation, there are two possible 
solutions 
8K C t 
1 - e ° ° 
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Since must increase with time, reject the + solution and 
rearrange the equation as follows: 
2 
o = a 
o u 
8K C t , 
0 0 - 1 
TwTT (25) 
Develop Relationship for Specific Deposit (o) as Function of Depth (x) 
and Time (t) 
Second, by substituting the above value of equation 
25, into equation 6 it is possible to determine the function a = f^ 
[ Og = x, V^] as follows: 
-fï. J of, (a) J ^s 
cf 
dX (5a) 
Call the integral of the left hand side and substitute the 
expression for f^ given in equation 4a 
I , , .  f  r  3  
u ' u 
0 
•i: da 
Assume the substitution 
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and 
• •  d a  =  2 0  ydy 
II • /  
2oy dy 
%  ^(1 + y)(l - y)' 
= ^  r J v(l + 
J z .  
He 
yd y) (1 - y) 
16a 
f—ÉI— + f dy + 2 f-
*'yd + y) J  yd - y) J j y(l - y) 
+ 4 
J  y(i - y) J yd - y) 
dy 
1 
8a f - ^ . 2  f -
^ y d  -  y  )  J y  
Jz. + 4 
  ^  (i - y)^  J y ( l  -  y ) ^  /; _diL. 
+ 8 
j y a  -  y) J a  - y) 
8a log (—^—j) + 2 
1 - y) 
- log " ^)( 
+ 12 ii <f^ > + (ï^ )[ + 8 _ ^^ 3, 
1 1 
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80 log 
2 2 12 
1 - y 
I,, = 
II 8a i°g (r^) ' 
-6y3 + 32y^ - 52y + 28jj 
(1 - y)' 
(26)  
-6y^ + 32y^ - 52y + 28y In equation 26,the value of the linear term, 
(1 - y) 
is negligible compared to that of the logarithmic term, 
log ^ ~ p, for small values of y, and if ignored it is 
possible to rewrite equation 26 as: 
II 8a 
16 (f^) (rH) 
16 
8a (irirj) 
1/16 
V 1 - yl/16 
log ( ^—) + log ^ p (27) 
The term, log (^ ~ has very insignificant effect on the 
net values of the whole term log (-^ ^ y^ ^1 + for all values of 
y from zero to one, and if ignored the approximate value of the 
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Integral 1^^ becomes: 
h i  = f- (yfy) (28) 
u 
Substituting for from equation 28 into equation 6 yields 
-^ o ^  
log ^ y) = —^— + integration constant (29) 
To determine the value of the integration constant substitute for 
y = Yg = — at X = 0 into equation 29 
2 , 
u 
/Ô"\ 
= constant 
However, from equation 25 
2 ^ e^Ko^ot+l 2 (e^^o'^o^-l) 
— log = — log « constant 
" , zifWj,, " 
Inserting the constant into equation 29 
a  
•'•hi • f 1°: T - 1°: 
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' r ^ ' -
8K C t ^ 
(e ° ° -1 2V 
e s 
K a X 
o u 
2V 
2e ® /a" = ( - )/o )(e^ *b^ o^ -l) 
f 
- w 
2V 
2e ® + (e®^o ^0*^-1) = /a^  (eGKoCgt 
: .  o  =  a  -1) 
Kç^uX 
^2e + (e®^o^o^-l)-
K a 
and letting a = — and b = 8K C , 
IV 0 0 
0 = 0 e^ *: - 1 
2e*% + e^ t _ 1 
Equation 30 can also be rearranged to the following: 
a = 
o^uX 
2e 2V« 
8K C t 
(e ° ° -1) 
+ 1 
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Equation 30 is the relation between specific deposit and filtra­
tion times and different depths in the filter. 
Development of Suspension Concentration (C) as Function of Depth (X) 
and Time (t) 
The suspension concentration, C, at different bed depths and 
times of filtration may be concluded utilizing the relationship given 
in equations 10a, 25 and 30b. 
c = — a 
o 
= C 2e 2Vs 
(efKdCot-l) 
+ 1 
2 
_1_ 
0 
+ 1 
8K C t 
e o o 
w 
2e 
^ 8K C t . 4" e o o - 1 
e^ ': + 1 
2eB* + e^^ - 1 
(31) 
In order to confirm the correctness of equations 30 and 31, the 
previously mentioned filtration boundary conditions are used and the 
calculated values of a and C are matched with their known values. The 
expected boundary conditions are: 
Ill 
X = 0 t ^ O  o  =  a  c  =  c  (32) 
t = 0 
s 
X ^ 0 a = 0 
-k a X 
o u 
C = C e 
o 
(33) 
Applying the first boundary condition, equation 32, to equations 
30 and 31 yields: 
2 
a = 
2e 
(eSK.Co'-l) 
+ 1 
"2 "u 
, 8K C t , (e o o - 1 
* 1 
= a (34) 
as in equation 25. Also, 
C = C 
8K C t 
, o o +1 
2e° + 
- 1 
= C (35) 
Applying the second boundary condition, equation 33, to both 
equations 30 and 31 yields: 
a = a 
w 
2e_22s +1 
L eo - 1 
= 0 (36) 
and 
C = C e° + 1 
K a X 
o u 
•2e s + e° - r 
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2 
C 2 
o 
2V 
= C e = C e 
-2iX 
o o 
(37) 
As shown in equations 34, 35, 36, and 37 the analytical solution 
presented in equations 30 and 31 fulfills the boundary conditions 32 
and 33. 
One of the advantages of the theoretical model presented in 
equation 31 is its usefulness in the optimization of filter design 
for .specific treatment objectives. For example, if the coefficients 
a, b are known for a particular filter and specific conditions of flow 
rate, V^, and influent concentration, C^, it is possible to predict 
the filter performance under different values of V , and C . For the 
s o 
purpose of illustration, suppose a filter bed exhibits a breakthrough 
curve with coefficients a^, and b^, when the flow rate and influent concen­
trations were and If the same filter is operating under a 
different flow rate and influent concentration Che new 
coefficients a^, b^ may be predicted as follows by considering the 
components in a and b presented after equation 30. 
(38) 
and 
(39) 
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Knowing the new values a^, b^, it is possible to draw the breakthrough 
curve for the same filter for the new values ^02' 
The values of the coefficients a, b determine the shape of the 
O/Oy or C/Cg versus time curves (by equation 30 or 31). The coefficient 
a is predominant during the early stage of a filter run. and coefficient 
b predominates during the later stages. 
If C^, Cg are the initial and final effluent concentration at 
t = 0, t = t^, it is possible to estimate the value of both a, b as 
follows : 
Rearrangement of equation 37 yields 
Ci 
-2ax = In — 
In 
a = 
X 
(40) 
Substitute the value of "a "given in equation 40 into equation 31 and 
consider the point of the filtration curve where t = t^, C = C^. 
2 
btf 
e + 1 
[ c ~  
In r  bt 
2e ll i + e - 1 
(41) 
Upon expansion of equation 41 and rearrangement 
fc" btp btp |c" 
J^(e + 1) - e ' + 1 = 2 
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As shown in equation 40, the higher the value of coefficient a 
the lower the effluent concentration at the beginning of the run. 
If a particular filter is required to treat a certain suspension at a 
specific flow rate, the only way to increase the value of coefficient 
a, in order to prevent an early breakthrough, is to increase the value 
of by adjusting the polymer or alum dose. 
Also, as shown in equation 42, the higher the value of coefficient 
b, the shorter the time to breakthrough, t^. This explains why filtra­
tion runs are shorter for higher influent concentration. 
Rearranging equations 30 and 31 and assuming certain approximations, 
it is possible to prove the linear relationship between the time of 
front movement and bed depth. The linear relationship has been 
previously proven for similar breakthrough equations by Mints and 
Krishtul (77), Heertjes and Lerk (37) and Saatci (89), and was explicitly 
presented by Bohart and Adams in their model of adsorption. 
Rearranging equation 30a, and considering the negative square root of 
a/a^, we get: 
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(eft - 1) = 2e** + eft _ i (43) 
e-bt ( j ^ - 1 )  = 2e^ + 1 
Drop the e _ %) term for its negligable value. Therefore, 
= zefx - bt + 1 
If 2e^  ^ » 1,0 particularly during the initial stages of the 
run 
I.e. 
1 r 
In = ax - bt 
M t = Y X - -g In (—2"^ ) (44) 
Equation 44 is recommended for use only in determining the values of 
l/Ô^  
coefficients a and b. Also, because the net value of In"^— varies from 
negative value, zero and positive value for values of ^  > 0.5, 0.5 and 
u 
< 0.5 respectively, and because a and b are always positive the use of 
equation 44 should be restricted to values of 0.5 only. For values 
g u 
of 0.5 the writer suggests the following modification 
" , : /?-
t = f X - i In (—^ ) (44a) 
Equation 44 is a straight line relationship between t, the time to 
reach a certain value of —, and bed depth X. As shown in Figure 1, the 
" a Ou 
slope of this linear equation is -g = 'ï6~C~V" the intercept is 
o s 
115a 
-1 , J'f + 1 
b ^ 2 8k C 
o o 
In § + 1  
similarly equation 31 may be. rearranged as follows. 
 ^(e'" + 1) - + e'"= - 1 
+ 1 = 2e ax 
(/f - 1) + e-bc (/f+1) - 28="-" 
However; 
-bt 
_  , f l ^+  i ] :  2 .0  for time t up to 
If b <<< 1.0 the corresponding value of t is large enough to cover 
most of the initial stages of the run. Therefore; 
+ 1 = 2e*x -
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z 
o 
§ 
<c 
CO 
o 
Fh(^^)]{ BED DEPTH, X 
Fig. 1. Linear transformation of specific deposit data 
s. 4-) 
3C 
CD 
=3 
§ 
5^ 
c 
a/b LU 
LU 
1/b BED DEPTH, X 
Fig. 2. Linear transformation of turbidity data 
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(45) 2 
a 
The slope of equation 45 is ^  ^ and the intercept is 
s o 
fCo 
2 
as shown in Figure 2. 
The linear transformation of equations 30a and 31 as shown in 
equations 44 and 45 provide two of the methods used in the experimental 
verification of the filtration model as will be presented later. 
In contact flocculation, the transport mechanisms are not only 
orthokinetic and perikinetic, but also include the contribution of 
filtration mechanisms (transport and attachment). Particles that 
flocculate and grow in size are then subsequently removed to some extent 
within the bed. Accordingly, a new mass balance equation is proposed: 
While the aggregation term is a function of particle in-bed 
flocculation and transport mechanisms, the break-up term is a function 
Theory of Bed Contact Flocculation 
^ = (Aggregation term) - (breakup term) 
+ (Removal Term) (46) 
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of bed flow characteristics such as the interstitial velocity, the 
amount of accumulated deposit, and other variables affecting the 
hypothesized detachment mechanism. The removal term is simply the same 
as in conventional filtration. 
In order to be able to design a model for bed flocculation, one 
must simplify the complexity of the process by assuming its analogy to 
certain flow conditions that can be described mathematically. Three 
cases are proposed because of their similarity to flow through porous 
media. These are: 
1. Consider laminar flow through capillary tubes of diameter 
equivalent to the average pore size and length equal to the 
sinuous flow pathline inside the granular bed. 
2. Consider flow velocity distribution around spherical objects 
resembling granular media particles. 
3. Consider a bed described by an array of mixing cells and 
laminar cells in sequence within which the overall mixing 
energy is a function of the flow rate, head loss and fluid 
density. 
The first two models were proposed by Stein (99) in order to study 
the effect of shearing forces on the removed particles, and to derive 
an expression for flow velocity gradient inside the bed voids. However, 
the author didn't present any mathematical model for flocculation. 
Camp and Stein (15) studied the velocity gradients and internal 
work in fluid motions. The authors presented a case of uniform steady 
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flow through a capillary tube of circular cross section. The case 
presented is of great interest to the current research for its great 
similarity to porous media flow as will be demonstrated in a later 
section. 
The third model was presented by Heertjes and Lerk (39) to describe 
bed filtration. In their model, each individual void space entrapped 
between media grains resembles a mixing reactor. Mixing reactors are 
joined together through laminar flow cells. The model (39) closely 
approximates a number of completely mixed flow (CMF) reactors in 
series. 
The foregoing three fluid flow models bear different degrees of 
analogy to the case of fluid flow through porous media as in bed 
flocculation. For the sake of argument, let us consider the model of 
fluid flowing through circular capillary tubes. As previously mentioned 
in the first section about flow hydraulics in water filtration, a 
filter bed may approximate a group of similar parallel capillaries of 
diameter equal to the equivalent pore opening. The average velocity 
Vg 
inside each capillary is — , where e is the clean bed porosity and 
o 
is the superficial flow velocity. In order to deduce the velocity 
distribution profile across any section perpendicular to flow, let us 
study the equilibrium between fluid pressure, P, and shear stresses, 
T, in the length L between sections 1 and 2 on the lamina of thickness 
dr. Figure 3. Shear stresses are assumed uniformly distributed for a 
given fluid cylindrical lamina of radius r and increase in the radial 
u = Vmax 
>• 
<fi.-e--" S\y 
Cto ,@3" 
s»' 
1 
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direction. The total force exerted by fluid shear stresses on the 
example lamina is: 
\= ZTTr LU (^) 
Since there is no acceleration and the flow is steady, the shear 
force is equal to the difference in the fluid pressure between the 
two sections 1 and 2. Therefore, 
2nrL y( - •^) = mr^pg h 
from which 
ÈL = -PKh ^ 
6r 2yL (47) 
By separating the two variables and integrating within the limits 
V = V at r = r and v = 0 at r = R, where R is the tube radius. 
V = o R 
f  ^  2 @ —  /  ^  
V = V r 
or, 
= 
4yL sf _ r: (48) 
The total flow per capillary is calculated by integrating the 
flow rate through the lamina 2lTr. dr for the same limits. 
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f '  / J  d q  -  J  VdA 
o o c 
where dA = 27rr . dr 
c 
J  dq  =  J  Pgh 
o o 4yL Ff - r: 2iTr.dr 
Q = IPSh 
2yL 
R 
(49) 
According to the model of laminar flow through capillaries, the 
velocity is assumed the same for all the points that are at the same 
distance from the center line axis. The only change in velocity is in 
the radial direction. The mean square root of velocity gradient, G, 
therefore, may be expressed as: 
G = Jf 
where 6W = work done by the fluid per unit volume per unit time. Also, 
G  - ' I #  
therefore, 
w = (^ ) y 
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However, the total work exerted per unit time on the fluid lamina 
between sections 1 and 2 is: 
6w = Zirr.dr.L 
2it r.dr.L 
6v Substituting for the value of from equation 47 
2 
" " " r\27r r.L.dr 
(pgh )' 
2yL 
3 J irr dr 
The total work per unit of time in the capillary between sections 
1 and 2 is then 
W 
- f  
W . R 
dr 
(50 ) 
As shown in equation 56 the flow velocity gradient varies in the 
radial direction with the distance from the capillary axis. The mean 
value of the velocity gradient for the flow inside a capillary may be 
obtained by integration of ^  for different values of r. However, 
since the flow through each lamina per unit time is not the same, it 
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is necessary to consider a weighted mean of the velocity gradient. 
The assigned weights for different values of velocity gradient at 
different values of r may be related either to the volume of fluid 
inside each lamina, G^, or to the flow through each lamina per unit 
time, G^. In the following section,values of G^, G^ for steady 
viscous flow through a capillary are presented as developed in a prior 
paper (86). 
V 
where 
V = volume of fluid inside the capillary between sections 1 and 2. 
•a J lit -G = J' . r/2TTr.L.dr 
2 
TTR L 
yLR^ ^ 
• m " 
Also, 
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R 
• / '•2"' dr.V 
o 
J 27rr dr.V 
o 
/ 2TTr (% (R^ - r^) dr 
o 
figh 
2yL 
L 3 
2 
5 
r^R: 2 
4 
R 
= P&h 
2yL 
jT^' 
Gw = n (52) 
The. ratio of the volume weighted to the flow weighted root mean 
Ga 
square of velocity gradient, — , is 
G 
G Pgh • ^ 
w 15 ML 
- 1.25 
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To apply the foregoing model to bed flocculation, values of h, 
L and R for granular media have to be determined as functions of 
suspension, media, and flow variables. Such functions may be ob­
tained by assuming the similarity between granular media geometry 
and a capillary tubes model. For the purpose of this argument, let 
us consider a cubical unit bed volume of unit surface area and unit 
side length. Also, assume the following: 
n^ = number of grains per unit bed volume 
n^ = number of capillaries per unit bed surface area 
= equivalent average radius of a capillary (mm) 
= grain sieve radius, or one half of the mean of adjacent 
sieve sizes that pass and retain the grain (mm) 
(j) = S(j)^  = is the radius of equivalent volume sphere 
s = a factor that relates grain sieve size to the equivalent 
sphere grain size. The equivalent sphere is that which 
has the same volume as the grain volume. The value of s is 
usually > 1.0 for sand media and could reach values < 1.0 
for angular coal media. 
L 
— = tortosity factor, F^, which is the ratio between the longest 
and the shortest paths the flow streamlines might follow 
inside the bed. The longest pathline is that following the 
boundary of the spherical grains = ^  (L). 'Here L is bed 
depth or shortest pathline. The ratio 
^e _ half sphere circumference 
L sphere diameter d 
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• i f  
= J L  
2 
The constant, S, presented below, may be estimated for granular 
media by assuming each grain particle resembling the shape of either 
a prolate spheroid or an ellipsoid. For each of the above cases the 
constant S is derived as follows: 
Case (1): The prolate spheroid shape: 
Assume that the equivalent sphere diameter is d^^ = 2(() 
Equivalent sphere volume = ^  and 
Prolate spheroid volume = -j ïïab^ where a, b are the major and 
minor semiaxes. Also, assume that the minor semiaxis b is the con­
trolling dimension and is the same as half the sieve opening. 
i.e. b = (j) and a = cd) 
s s 
where c is a constant more than one. Therefore, 
4 - 2 Prolate spheroid volume = — nc^^ (4^) 
Since the equivalent sphere volume is the same as the prolate spheroid 
volume: 
4 .3 4 ,3 
3 *4 = 3 *c*s 
..({) = (c)i/^  4»g 
= 
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Case (2): The ellipsoid shape. 
Volume of ellipsoid = ^  abc 
where a, b, c are the lengths of the semiaxes. Also, b = cj)^ , a = 
c = Cg^g, where c^, c^ are constants. 
Since volume of ellipsoid = volume of equivalent sphere 
4 - - - 4 ,3 
•• -J TTa b c = -J TTcj) 
or 
$ m(C]4ig)(*g)(c2*g) = Y 
<P = (t)g 
= Sd) 
s 
The value of S is generally > 1.0 for granular sand media and 
could be <1.0 for angular coal media. 
As shown in Figure 4, the volume of capillaries per unit bed 
v o l u m e  =  E .  
" Ve,, h 
• "2'"<Sq 
where 
1/3 [)^  = clean grain sieve radius and (n^ ) = number of grains per 
unit side length. 
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Also, volume of grains/unit bed volume 
— 1 — £ 
= I (53) 
therefore , 
1/3 
e _ n2(n^) f nS*; 
= l!l2 (JL) !eL 
2 n,2/3 (gZ' 2 
s • 
or, 
eq 1/ it n„ s 1 - e 
• J\T?^ • • /"E77 
where K = a geometric constant. 
^ "l 
The ratio — may be estimated considering the case of one particular 
packing shown in Figure 4. This tetrahedral packing is considered most 
representative of a typical granular filter. Assume a unit bed volume 
"1 
of side length L = 1.0 (the ratio of — should stay constant regardless 
'^ 2 
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of the size of the volume element). 
Number of grains/cross sectional area 
= 5.0 grains 
number of grains/side of example cube 
= 1/5 grains 
consequently 
Number of grains/example cube 
- ( 
= 11.18 grains. 
Also, there are 7 complete pores and 6 half pores in the cross-
sectional area shown in Figure 4. Therefore, the total number of 
pores (or capillaries) per cross-sectional area is 10. 
("j) = (11.18)^ /3 
n^ 10 
= 0.5 
•••\ " i 4^  - i 
Accordingly, 
Re,. * As rh • Jrr (54) 
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Although the tortuosity factor, varies during a filter run, 
there is no reliable and accurate way of measuring its value with time 
of filtration. Therefore, for simplicity, it is assumed constant 
and equal to 1.08 as shown in Fig. 4. 
Equation 54 is very similar to Camp's formula for the equivalent 
pore diameter presented as follows: 
but Camp's formula provides 43.6% higher values of than given by 
equation 54. 
Furthermore, Deb (21; pointed out thgt the limits for the equiva­
lent pore radius for the two extreme cases of packing, rhombohedron and 
cubical, are 
Rgq = 0.378 to 0.788(j) respectively. 
Notice that equation 54 falls within Deb's range of values and Camp's 
equation does not. 
According to the capillary tubes model, the granular media bed 
maintains its characteristic geometry regardless of the degree of bed 
clogging with the process of particle removal. The capillary channels 
between the granular media continue to narrow as removal continues. 
For a clean bed with tetrahedral packing,the average pore size is 
designated d^^, and after any filtration time t it is designated d^^ 
such that: 
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Fig. 4. Horizontal cross-section in a unit bed volume 
(n^ = (/5)^ = 11.18, L = 5({)Cos 30 => 4.33*, 
= (0.^)1/3(120/360)2n* = 4.6834, = L^/L = 1.08) 
and 
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dgo = 2*, (0.564)^^ _ ^ 5 
•^ei • i (°-5G4) i/rr 
= 2 + A(j) (0.564) 
E a  
o -
1 - E  + 0  
O 
(55) 
where (j)^ , = grain equivalent radius at time, t = 0, t respectively 
Ad) = d). - d) 
1 o 
a  = amount of deposit per unit bed volume (Vol/Vol). 
Assuming that particle deposition is uniformly coating the 
granular media, the change in each grain volume, AV, due to deposits 
at any time t is 
AV = -J ir , 3 ,3 
'l>i - *0 (56) 
Also, 
AV — — 
1 
but, from equation 53 
1  -  e .  
"1 4 
3 (1 -Co) 
3 3 
3 "S *so 4 (n*,:) 
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"l 3 (1 _ E ) 
67) 
Equating equations 56 and 57 
4^ 
, 3 ,3 
*1 - *0 - 3 " (1 - G ) 
••'f'i = 'f'o 
1 - E + a 
o 
1 - E  
1/3 
(58) 
Substituting for (j)^ in equation 54 results in 
% - 0.564 /j-^ 
= 0.564 <{) 
1 - £ + a 
o 
1 - E  
1/3 
/ ^^o -
(1 - Eg + a) 
R = 0.564 (j) 
eq o 
(=0 -*) 
(1 - E  ) 2 / 3 ( l  -  E  +  0 ) 1 / 3  
o o 
^9 ) 
In order to develop the relationship between -— and the filtra-
e 
tinn variables V, e , o, d) , K it is useful to start with equation 
o ^so g 
49 for the flow, Q, through a capillary tube 
Q = 
Pgh 
8yL ^ irR^ (49) 
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For a granular bed L = L , R = R 
e eq 
h _ 8yQ 
P gnReq* 
where is the average velocity through a capillary, or the inter­
stitial velocity. 
h _ 8y 
L " Pg 
s 
e 
R 
eq 
_h_ _ ^  s 
Lg Pg 
(1 - 6^)2/3(1 - + 0)]/^ 
0.564* (Go - O) 
^ 25.15U _s 
" P8 * 2 
^o 
V (1 - E )2^ 3(1 - E + a) 1/3 
o o (60) 
(Co - *)' 
. 1 - e + a 1/3 E : 
(60a) 
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Combining equations 51 , 59 and 60 
j = R 
* 3WL, 
Pâ 
3U 
25.15M "s (1 -
(=0 - *)' 
0.564* 
(=0 - °) 
° •' (1 - 6^ )2/3(1 - + a)l/3 
' *o J  ^_ o)3 
= 4.73 
\ ; a - Co)2/3(i _ + ,)l/3 
S(}) 
so (=0 - *)' 
(61a) 
Similarly 
G = 
w 1.25 a 
= 3.784 
S(\> 
so (=0 - °) 
(61b) 
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In order to develop some feeling for the range of flow velocity 
gradient inside a granular media bed, according to the capillary 
flow model, Table 1 includes calculations of G , G , G .t, G .t 
a' w a w 
based on equations 61 a and 61b, example media grain sizes of 1.0, 2.0 mm 
E.S., 0.45 clean bed porosity, four feet bed depth, and S - 1.10, for 
superficial flow velocities, 4.0 and 8.0 gpm/ft , for the initial clean 
bed conditions and for a value of O - 0.3. The value of S = 1.10 is 
dgq 
arbitrarily selected based on the average value of for four 
s 
different sand media included in a previous study (111). Here d^^ is 
the diameter of the equivalent sphere, d^ is the average sieve opening. 
For the purpose of illustration, a sample example is brought to 
demonstrate the step-wise calculations followed in preparation of Table 
1. 
Example: Calculations ofG,G,G.t,G.t for a four foot clean 
a w a w 
and clogged bed (a^ = 0.3) of 1.0 mm sand media (S = 1.10). Assume that: 
Case (1): 
E  = 0.45 
o 
a = 0 
2 
Vg = 4 gpm/ft = 2.721 mm/sec 
^ . . . .  i -  / " -
O 
(2.721 mm/sec) /(I - 0.45)^^^(1 - 0.45 + 0)^^^ 
a - - 1.10 (0.5 mm) / 
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= 57.5 sec ^ 
t = bed residence time 
bed depth _ 
* *1 " (Vs) 
4.0 ft X 30.45 cm/ft x 0.45 
2.721 mm/sec x ^  cm/mm 
= 201.4 sec 
G .t = 57.5 x 201.4 
a 
= 11,580 
G , G .t are -r-ir of G , G .t respectively, 
w w 1.25 a a ^ 
Therefore , 
G =46 sec ^ and G t= 9,264. 
w w 
Case (2): 
G  = 0.45 
o 
a = a = 0.30 
u 
Vg = 4 gpm/ft^ = 2.721 mm/sec 
= = , 2.721 mm/sec (1 - 0.45)^^^(1 - 0.45 + 0.3)^^^ 
a - ' 1.10 (0.5 mm) ^  ^^3 
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= 321.2 sec"^ 
4.0 ft(304.5 mm/ft)(0.45 - 0.3) 
2.721 mm/sec 
t =67.14 sec 
G .t = 21,566 
a 
G = 257 sec ^ 
w 
G .t = 17253. 
w 
The relationship between both G, Gt and bed porosity, e, may be 
drawn utilizing equations 61a and 61b. 
V, /a - G )2/3(l - + 0)1/3 
^s 1/3 
where K = 4.73 (1 - E ) ' 
a o 
similarly. 
G =K P - f 
w w i/ g 3 
wh^re - 3.784 ^  <1 -
^SO 
Table 1. Values of G and G.t for typical granular media filter beds, 1.0, 2.0 mm E.S. 
Case Number 12345678 
2 - E.S. in mm 
so 
1 1 1 1 2 2 2 2 
2 Flow rate gpm/ft 4 4 8 8 4 4 8 8 
Clean bed porosity, 0.45 0.45 0.45 0.45 0.45 0.45 0.45 0.45 
Deposit content, (o") 0 0.3 0 0.3 0 0.3 0 0.3 
Bed depth in ft. 4 4 4 4 4 4 4 4 
Bed residence time sec. 200 70 100 35 200 70 100 35 
-1 G sec 
a 
60 320 120 640 30 160 60 320 
-1 G sec 
w 
45 260 90 510 225 130 45 260 
t.G 
a 
12,000 22,400 12,000 22,400 6,000 11,200 6,000 11,200 
t.G 
w 
9.000 18,200 9,000 18,200 4,500 9,100 4,500 9,100 
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or generally. 
= y" '(1 - g) 1/3 G = K' fe2 ) 
K" = either K or K 
w 
The derivative of equation 62 is 
de 6 1^.5(1 _ :)5/16 
9(1 - £) 1/6 
2.5 
1ÉL 
6 
(9 - 8e) 
(1 _ E)5/G e2'5 
(63) 
Applying the boundary conditions 
1 .  a t t = o o  0  =  e  a n d  e  =  0  
0 
2. at t = 0 a = 0 and e = e 
The limits of the derivative 4^ become de 
at t = oo dG = — 00, 
at e = e 
de 
dG -K" 
o de 
(9 - 8 e„) 
(1 - E Z 2.5 
. o o J 
The product G.t, where t, = ^  is the bed residence time, is 
D b V  
s 
=e- ^  
s ' 
1/3 
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and the derivative of the product Gt^ is 
dE 6V 
3 - 2e 
.1-5(1 - E)5/* 
( 6 4 )  
d(Gtb) 
The limits of the derivative —j at e = 0 and e are as 
at o 
follows: 
at e = 0 
dCGt^) 
de 
= - a 
at e = E 
de 
-KL 
6V 
2 e 
-  s  )5 /S  
Establishing the relationship between the filtration process vari­
ables and the velocity gradient inside the filter bed is a forward step 
towards the development of in-bed contact flocculation theory. The 
next step towards the completion of the theoretical study includes a 
presentation of the rate of particle agglomeration and break-up as a 
result of flocculation and floe break-up mechanisms. 
A particle size distribution study is found very helpful in most 
of the conventional flocculation processes. However, in the case of 
bed contact flocculation another dimension is added to the problem of 
model development. The additional term of floe break-up as a result of 
particle detachment might cause further complications and uncertainties 
to the proposed model. In order to avoid such obstacles, it is, in the 
writer's opinion, more feasible to develop a model for the disappearance 
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if primary particles during the process of contact flocculation as an 
indication of the extent of the process efficiency. 
As previously mentioned, particle disappearance during bed contact 
flocculation is a result of the contribution of three main terms: 
1. Aggregation term 
2. Break-up terra 
3. Removal term 
The aggregation term involves particle flocculation due to Brownian 
motion as well as flow velocity gradient. The rate of primary particle 
disappearance due to Brownian motion based on equation 88 in the 
literature section is: 
hn 
^ = a  4 i t D ,  . R ,  . N . N .  (Lit. 88) 
dt p i] i] i J 
In the particular case,where = R^ = R^ (primary particle radius) 
D= kT 
3yTr(2Rp) 
and 
kT 
6uttR 
I (65) 
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= (66) 
where is the constant for perikinetic flocculation. 
The rate of decrease in primary particle concentration due to 
velocity gradient, ^  is described by equation 89 in the literature 
section which for particular case when R. = R. = R becomes: 
i J P 
"iT = i a; (Ut. 89) 
8ot (— ttR^ N) N 
o ^3 p dz 
- K.r v. 31 « 
where, = volume of total solid mass suspended per volume of fluid 
and K is a constant for orthokinetic flocculation. In conventional 
or 
flocculation utilizing mechanical energy for mixing, the velocity 
gradient, ^  , is constant and independent of time as long as the 
speed of mixing and other flow and mixing basin physical variables are 
the same. However, in bed flocculation, the velocity gradient inside 
the sinuous capillaries varies with time and amount of particle removal. 
Therefore, the efficiency of bed flocculation varies with time. 
Equation 67 is a general form and applies to any type of ortho-
kinetic flocculation model including bed contact flocculation as will 
be demonstrated in a later section. The only difference in the kinetic 
equations for orthokinetic flocculation from one model to another 
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exists in the orthokinetic flocculation constant K and the 
or 
expressions for velocity gradients, For bed contact flocculation 
capillary tube model, the value of ^  is given in equation 47. To 
determine the constant it is necessary to follow a similar line 
of thinking as used in the development of the general flocculation 
theory. However, this time the theoretical study is confined to the 
particular case of the rate of disappearance of primary particles 
due to velocity gradient in a viscous steady laminar flow inside a 
capillary tube. 
The rate of primary particles disappeared due to orthokinetic 
flocculation inside a capillary channel may be presented as a function 
rate of collision of particles due to the velocity gradients existing 
in the capillary. The rate of collision of other particles with a 
primary particle, carried by a streamline at a certain velocity, is 
proportional to the number of particles flowing into a sphere of radius, 
2R^, with its center coinciding with the primary particle center. The 
rate of primary particles flow across the foregoing sphere is, qN, 
where q is the flow rate across the sphere. 
The total rate of disappearance of all the primary particles is 
then: 
a(q.N)N (67a) 
However, the flow rate, q , for a flow stream with radius 2R^ is 
expressed as 
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(49 ) 
Also, the root mean square of velocity gradient of flow through 
the given sphere, arbitrarily using the volume weighted equation for 
G, is as follows: 
Ga - 3SÏ (ZKp) (51) 
The choice of over G^ is strictly arbitrary and has no affect on 
the following development. Dividing equation 49 by equation 51 
results in: 
q = IT a, ot,)3 
Therefore, inserting this equation into equation 67a, 
-dN 
IT G, (ZBp)" 
-dN 3 
"dl = *0 8 
4 3  8 
? ttR N G N 3 P 4 a 
— -
L3 J  
= a 2.25 V G N 
o ma 
(68) 
Combining equations 65 and 68 the rate of primary particles 
disappearance due to the aggregation term becomes: 
(aggregation) = y «p + 2.25 G^N (69) 
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Floe break-up is a function of the flow shear stresses as well 
as the mean value of velocity gradient inside the bed capillaries. 
However, assuming that break-up of large floe particles would not 
result in the generation of primary particles, the break-up term in 
equation 46 may be dropped out. 
The removal term in equation 46 is assumed proportional to volume 
available for removal, concentration of primary particles, and inversely 
to flow hydraulic gradient, J. Therefore, the rate of removal of 
primary particles is: 
-HN - cf) 
(removal) = ^ N (70) 
Combining equations 69 and 70 the overall rate of primary 
particles disappearance is: 
^ = "I a — + 2.25 a V G N + K N —- (71) d t j p y  o m a  a  J  
Equation 7] describes the rate of disappearance of primary 
particles due to flocculation or filtration during the flow through 
the filter bed. Therefore, it must be clear that the time, dt, in the 
left hand side of equation 71 is that required for suspension to flow 
through an increment of depth, dx. Accordingly, equation 71 may be 
rewritten as follows for the case of a granular media flocculation: 
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-4^ = ? a --N^ + 2.25a V G N + KN d x 3 p y  o m a  a  
(a. - o) 
(71a) 
Application of the Proposed Filtration Model to 
the Theory of Bed Contact Flocculation 
The rate expression for the disappearance of primary particles 
presented in equation 71a may be rewritten as follows after inserting 
the expression for J from equation la: 
+ KgG^N 4- K3 (0^ - a) (1 - I (72) 
where 
Kl = 2.25 a V 
Z o m 
^3 = \ 
s 
Following the argument presented by Van de Ven and Mason (105), in 
which the authors had challenged the concept of additivity of perikinetic 
and orthokinetic flocculation, the perikinetic flocculation term may be 
omitted in equation 72 as long as the value of G is higher than zero. 
In fact, for typical particle sizes encountered in water treatment, and 
under normal filtration conditions of flow rate, media size, shape and 
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porosity, the calculated values of G^, shown in Table 1 are high 
enough to assume the predominance of orthokinetic flocculation inside 
the bed. Accordingly, a simple form of equation 72 may be presented 
as follows: 
-dN 
dx 
= N K! G + K_ (a - a)(1 
z a J u 'Jt 
Inserting equation 61a for G^ and the rearranging of the second term 
shown in equation 4a: 
^ = N 
dx 
Ko' 
(4.73) (V ) /(I - E. )2/3(l - + 0)^/3 
s o o 
2 S(|) 
so (=0 -
+ K, Oy (1 + 
= N 
(1 - Eg + a) 
(=0 - *) 
1/6 
3/2 S°u It"'-It' (73 ) 
where 
•^ 4 = 
K' (4.73)Vg(l - E^) 1/3 
S(t) 
so 
(2.25)(4.73) (1 - e^) 1/3 
S* 
so 
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In the foregoing section of theory of filtration, equation 30 
was developed based on the proposed kinetic equation 1. The use of the 
ultimate deposit content, CJ^, in the filtration, equations in the prior 
section is supported by the experimental observations and agrees with 
the general behavior of a filter bed. However, for the sake of 
simplicity in solving equation 73 for bed flocculation, the ultimate 
deposit term (a^) is replaced by bed initial porosity, Accordingly, 
equation 73 may be rewritten as: 
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(73a) 
Equation 73a represents the total disappearance of primary 
particles due to two mechanisms. The first term represents the dis­
appearance due to orthokinetic flocculation and second term, the dis­
appearance due to filtration. Each of the two terms in the right hand 
side of the above equation will be integrated separately and added 
together in the final step. 
Substituting the value of a given in the modified equation 30 
(with e substituted for o ) into the first term of equation 73a 
results in r 
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where 
K E 
a = , b = 8K C 
o o 2V 
At a particular time during a filter run, the rate of primary 
particle disappearance due to orthokinetic flocculating is only a 
function of depth and can be represented as follows: 
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In the case the value of coefficients a, b are «< 1.0 it is 
2 Ct âX âX possible to assume that y «< e (e + o) and the term 
ct^ 
2^  - e ) be set equal to zero in order to facilitate carrying 
out the solution to the above equation. 
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(75) 
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Expanding the binomial term and retaining only terms to the second 
power yields: 
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Thus,the integrated form prior to determination of the integration 
constant will be: 
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Use the following boundary conditions to determine the integration 
constant. 
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For convenience, this equation will be written as follows: 
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Introducing the definitions of y = e^^ and a = (e^*" - 1) and rearranging 
leads to: 
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Solution of equation (76) may be written as follows: 
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The second term (i.e., the filtration term) in the right hand 
side of equation 73a may be rearranged as follows: 
^ - jr") = f- ^a'^ po - F"^ -
« o ' o s o 
a) 
and 
f - f Vpo 
s 
1 + 
k 
- a] N O I 
The detailed integration of the expression can be eliminated by 
noting the similarity of the above equation to equation 3a which is 
repeated below for convenience: 
3 
& - f- hSo S ' 
Co -o (3a) 
158 
Because of their similarity, the solution of equation 73a will be 
identical to the solution of 3a which was equation 31. Therefore, the 
solution to equation 73c is as follows: 
N = N i e^ ": + 1 
le** + eft _ 1 
(79) 
This also leads to the conclusion that the extent of removal of 
primary particles due to filtration, denoted by (^) ^ is equivalent to 
P o 
the overall extent of solids removal, (—), i.e. It is possible to 
Co 
assume that 
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Combining equations 10a and 79a yields 
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Combining eauations 78 and 79 the net number of primary particles at 
time t, and depth x, may be presented as follows: 
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where 
Ky will be given the new symbol K^, and called the flocculation 
constant. 
However, at the initial stage of filtration, i.e., at t = 0 the 
following boundary condition exists: 
at t = 0, X = L 
G  ^  C ^ ,  N  S f (x,t) = 0 
Substituting in equation 80 results in 
1/2 
Kp = (67.58) 
ax -(0.7 4 .3) -2 
-e 
or 
N 
o ax 2 + K. 7t~ = e 
N 
In -r^ = ax 2 + K. 
7 
N 
160 
Substitute ax = In from equation 40. 
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(81) 
As previously mentioned,the process of bed contact flocculation 
involves three main stages. These are the early breakthrough stages, 
the active working stage, and finally, the steady state stage. During 
the steady state stage, the bed ceases to remove any more particles and 
the rate of disappearance of primary particles would only depend on the 
orthokinetic flocculation mechanism. Assuming that the deposit content 
per unit bed volume during the steady state stage reaches an ultimate 
value, a^, the rate of primary particle disappearance, equation 73, 
becomes : 
1/6 1 
Ô ^ 0 i 
(82) 
where G is the ultimate value of the root mean square of velocity 
u 
gradient. Solution of equation 82 is: 
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o 
i.e. N = N e (83) 
o 
For a given total bed depth, L, the ratio of effluent to 
influent primary particle concentration becomes: 
N (84) N e constant 
o 
Equation 84 depicts the steady state stage of the primary particle 
disappearance model. The extent of contact flocculation increases with 
G^. Thus, by reviewing equation 61a for G, it is apparent that the 
extent of contact flocculation increases with an increase of bed depth, 
L, approach velocity, V^, and ultimate deposit content, a^, and the 
decrease in media grain size, 0^. However, there is an upper limit to 
the approach velocity, V^, and a lower limit to the media size, (p^, 
beyond which floe break-up becomes a significant factor. 
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EXPERIMENTAL INVESTIGATION 
The general purpose of the experimental work was to provide ex­
perimental verification of both the filtration and contact flocculation 
models. Experimental proof of the filtration model was developed by 
comparing the experimental and the theoretical filtration breakthrough 
curves; whereas, the verification of the contact flocculation model was 
attempted by comparing the measured and predicted changes in the 
number of smallest detectable particles in suspension. In general, the 
experimental runs included in the current study involved filtration 
runs through a deep bed of coarse sand bed at constant flow rate and 
inlet suspension concentration. Flow approach velocity, inlet suspen­
sion concentration and media size were generally higher than their 
common values in water filtration for two reasons: First, to force 
breakthrough to occur shortly after the start of the filter run, which 
would hopefully be followed by the proposed steady state breakthrough 
condition. Second, to prove the occurrence of bed flocculation under 
those extreme operation conditions. 
The parameters measured during each run included turbidity 
measurements, pressure readings and particle size count with reference 
to bed depth and filtration time. Pressure readings were recorded at 
small increments of bed depth, while samples for turbidity and particle 
count were collected at the inlet and outlet of the filter. In some 
filter runs, several filters of different depth were operated in paral­
lel to obtain filtrate quality as a function of depth. Both flow rate 
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and influent concentration were frequently monitored and maintained 
constant. 
Pilot Plant Apparatus 
The laboratory pilot plant which was used in the filtration and 
bed contact flocculation study consisted of two 2700 liter suspension 
storage tanks with recirculation pump and feed pump, a chemical feed 
pump, a 70 liter polymer solution container and a bank of five 
filters equipped with necessary valves, sampling taps and flow meters. 
A layout diagram of the pilot plant is given in Figure 5. 
Raw water tank 
The two 2700 steel suspension tanks used during the study were 
manufactured by Gabel Tank Company. To keep the suspension homogeneous, 
a propeller type lighting mixer, Model No. ND2V was used in each tank. 
The mixers were manufactured by Mixing Equipment Inc., Rochester, New 
York. Each mixer had a rated HP of 0.5 and speed of 1800 rpm. 
Recirculation pump 
The pump used to recirculate the raw water through the constant head 
chamber was a submersible pump Model No. SE12N manufactured by the Little 
Giant Pump Company of Oklahoma City, Oklahoma. 
Chemical feed pump 
A positive displacement chemical feed pump was used in this study. 
Polymer solution was fed with a chem-feed. Model No. C-614P, manufactured 
by Presto-Tek Division, Devon Products Corporation of Los Angeles, 
California. The polymer feeder operates under a maximum pressure of 100 
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psi and maximum feed rate is 0.6 GPH. 
Cartridge filter 
The cartridge filter used was a stainless steel, single shell 
housing, filter Model No. BRXIO 3/4SD manufactured by Fulflo Filters, 
DIV Carborundum, Lebanon, Indiana 46052. Disposable cotton honeycomb 
tubes were used inside the filter housing to remove particles down to 
sub-micron range. The maximum design operating pressure and flow rate 
of this unit were 150 psi and 10 GPM. 
Filter columns 
The granular bed filter housings were five 3.0 inch I.D. plexiglass 
columns. A 3.0 inch diameter 5o mesh stainless screen was used to 
support the media in each column. The five filters denoted A, B, C, 
D, E, contained 24, 20, 16, 12, 8 inches of identical media respectively. 
A free board, 20 inches high, was maintained in each filter to allow 
for bed expansion during backwashing. 
The sand medium used in the five filters was that which was retained 
on a U.S. standard sieve No. 8 and which passed through U.S. standard 
sieve No. 7. The average media size thus calculated was 2.595 mm. 
Tygon tubing piezometers were installed at the top and bottom 
section of each filter. Additional piezometers on filter A were spaced 
at 1.5 inches vertical intervals for the full depth of the media and 
descended on a spiral curve surrounding the filter boundary. 
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Equipment 
Turbidimeter 
The turbidimeter used was the Hach 2100 A Model manufactured by 
Hach Chemical Company of Ames, Iowa. Very low turbidities were 
measured after standardizing the instrument with a standard of 0.61, 
NTU and at higher turbidities 10,100 NTU standards were used, all 
obtained from Hach Chemical Company. 
pH meter 
Measurements of water pH were made using a Beckman Expandomatic 
IV pH meter manufactured by Beckman Instruments, Inc., of Irvine, 
California. The meter was calibrated using pH 4.0 and 7.0 standards 
at frequent intervals. 
Particle dispersion unit 
A high-speed commercial colloid dispersing unit was used to dis­
perse and mix the kaolin or minusil materials in water. The unit used 
was a SD45N Super Dispax with G454 generator manufactured by Tekmar 
Company of Cincinnati, Ohio. This unit has a maximum speed of 10,000 
rpm and a suction head exerting high hydrodynamic shear forces. 
The unit is applicable for mixing different suspensions and organic 
solvents. It is capable of providing a reproducible dispersion of 
particulate materials. 
Jar test apparatus 
The jar test machine used to determine the polymer type and dose 
was a Phipps-Bird 6-place flocculator manufactured by Phipps & Bird, 
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Inc. of Richmond, Virginia. The maximum speed of the flocculator 
paddles is 100 rpm. A floe illuminator base was used for easier 
viewing of floe size. Glass battery jars with a capacity of 
approximately 2 liters were used in the tests. 
Particle size distribution analyzer 
The particle counter used to determine the particle size distri­
bution of kaolin and minusil materials is a Hiac Model PC-320 particle 
size analyzer with an automatic digital printer for recording particle 
size data, and a 1.0 to 60 ym particle sensor. The counter is 
manufactured by Pacific Scientific Company of Montclair, California. 
The particle count analyzer depends on the light blockage 
techniques and the results are displayed in 12 separate channels. 
With the aperture used in this research, the size range in ym in each 
of these twelve channels is as follows: 1-2, 2-3, 3-4, 4-5, 5-6, 6-7, 
7-9, 9-13, 13-17, 17-20, 20-25, 25-60. Particles in fluid suspension 
flow through a channel and past a window whose area is known accurately. 
A collimated light beam is directed through the fluid at right angles 
to the direction of fluid flow. The light passes through the fluid 
to fall on a photodiode. The output of the photodiode goes to a pre­
amplifier in the sensor and then to the main particle counter. There, 
a peak level detector generates a signal which controls a servo loop 
and maintains the sensor preamplifier output to a constant reference 
voltage when there is no particle in the beam. 
When a particle passes across the beam, it partially blocks the 
light and reduces the area through which light falls on the photodiode. 
168 
The pulse generated by the change in the amount of light recorded on 
the diode is proportional to the projected area of the particle, and 
the particle size is specified in terras of equivalent spherical 
diameter, a sphere with the same projected area as the particle. 
Electronic circuiting is then used to count the number of particles 
within given size ranges that are present on the counter. 
Experimental Procedure 
Suspension preparation 
Two different suspensions were used for this study. One, mostly 
a kaolinite clay, was Kentucky No. 5 Ball Clay, a product of Old 
Hickory Clay Co., Paducah, Kentucky. The second, a crushed quartz, was 
Berkeley 30 Micron Minusil, produced by Pennsylvania Glass Sand Cor­
poration, Pittsburgh, Pennsylvania. Tables 2 and 3 show the particle 
characteristics of kaolinite clay and minusil, and the particle count 
data of the minusil is presented in Figure 6. 
Initially, in the experimental investigation, it was mistakenly 
assumed that the smallest size particles in suspension were 1-2 pm. It 
was the intention to monitor the disappearance of the 1-2 |.im particles 
to verify the flocculation model. However, in looking at the particle 
counting results for the early filtration runs it appeared that the 
filter effluent had a'larger number of 1-2 ym size particles than the 
influent. Thus, the ratio of effluent to influent was greater than 1. 
Logically, with filtration there should be a decrease in the smallest-
size particles. Therefore, it was hypothesized that there must be large 
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number of sub-micron ^ 1 ym) particles which flocculated to produce the 
increase in 1-2 pm particles. This hypothesis was supported by the 
results of a TEM (Transmission Electronic Microscope) enumeration of 
the influent and effluent samples. Because these submicron particles 
were undetectable by the HIAC, the particle counting data for the 
experimental runs was not used to verify the flocculation model during 
the initial stages of the filter run. However, the collected data were 
useful in demonstrating the occurrence of the steady state stage of 
contact flocculation. Only the preparation procedures and particle 
count analysis of minusil are presented in the next section. The clay 
data are not presented because the TEM evaluation revealed to large 
a number of sub-micron particles. 
Routinely before each run, the two large suspension tanks were 
carefully cleaned to avoid contamination by any extraneous particles. 
The tanks were then filled with distilled water which had been purified 
further by cartridge filtration to protect against occasional high 
particulates in the distilled water supply. Each time a new filter 
cartridge was used, the distilled water filtrate obtained in the first 
30 minutes was discarded because of its high particle count, compared 
to that of distilled water. The results of particle count of the 
filtered distilled water are presented in Appendix til, Table 1, 
Batches of minusil, each weighing 500 gm were soaked in water and 
vigorously dispersed in two-liter plastic jars using the SD45N super 
Dispax unit. The speed of mixing was increased from zero to 6000 rpm 
within 10 seconds, and kept constant for another two minutes. The 
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minusil suspension was then transferred to the elutriation column to 
separate particles one micron or larger. An upflow of 0.42 cm/minute 
was maintained throughout the elutriation system. Sodium hexameta-
phosphate was fed to the inlet water at a rate of 0.1 mg/liter to 
prevent particle agglomeration. Details of minusil elutriation are 
presented in Appendix IV. 
Each elutriation run lasted two hours, after which the contents of 
the middle third of the elutriation column was transferred to the large 
suspension tank and the propeller mixer was kept running at 60% of its 
maximum speed. Several elutriation runs were performed and the elutriate 
was added to the suspension tank until the average turbidity in the tank 
was about 50 NTU. 
Preparation of polymer solution 
The polymer used in the filtration of minusil was a highly cationic 
LT-22 powdered polymer manufactured by Allied Colloids, Inc. The polymer 
stock solution was prepared fresh on each day a filter run was being 
conducted. The amount of dry powdered polymer, in grams, required per 
day was calculated as follows: 
weight of polymer/day = AD^Vg(3.785 (1440 (10 ^ = 
Wp gm/day 
where 
2 
Vg = filtration flow rate in gpm/ft . 
2 
A = filter cross sectional area in ft . 
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= polymer dose mg/1. 
Wp = weight of polymer, in grams, per day. 
The amount of dry polymer required per day was weighed and very 
slowly sprinkled into the vortex of 1000 ml of distilled water which was 
being magnetically stirred. The polymer addition took place over a 
period of approximately 30 minutes to prevent the formation of hard-to-
dissolve gelatinous "fish eyes". The solution was continuously mixed over 
night until all the dry powder had been dissolved. The polymer stock 
solution was then transferred to a 70 liter polymer tank and distilled 
water was added until the 40 liter mark was reached. The polymer feed 
pump was subsequently adjusted to maintain a feed rate of 1.67 1/hr or 
40 1/day. 
Influent and effluent sampling 
Before the start of each run, a stock of 300 ml glass sampling 
bottles was soaked in a chromic acid bath for at least one hour to prevent 
any particle or bacterial contamination. The sampling bottles were then 
washed with distilled water and kept dry with Saran Wrap underneath the 
lids. The bottles were marked to indicate the Run No., Sample No., and 
Filter No. 
Samples of influent and effluent were collected every half-hour to 
one-hour intervals for both turbidity and particle counting measurements. 
The influent samples were obtained from a sampling cock located in the 
influent pipe of each filter. The effluent samples were obtained from 
the effluent pipe of each filter downstream from the rotameters. 
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Table 2. Kaolinite clay particle characterization^ 
Typical Chemical Analysis 
Silicon dioxide 55.86% 
Aluminum oxide 30.38% 
Iron oxide 0.99% 
Titanium dioxide 1.40% 
Calcium oxide 0.11% 
Magnesium oxide 0.05% 
Sodium oxide 0.08% 
Potassium oxide 0.17% 
Ignition loss 10.57% 
Typical Particle Size Analysis 
% minus 20 microns 98.1 
% minus 10 microns 93.8 
% minus 5 microns 85.0 
% minus 2 microns 67.4 
% minus 1 microns 57.5 
% minus 0.5 microns 47.4 
Raw Properties 
Crude color white 
pH (28%) 5.7 
Filtration rate (ml) 26 
Soluble sulfate (ppm) 114 
^The above data were provided by the Old Hickory Clay Company, 
Paducah, Kentucky. 
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Table 3. Minusil particle characteristics^ 
Chemical name and synonyms 
Silicon dioxide 
Crystalline silica 
Quartz 
Silica sand 
Trade Name 
Berkeley 30 Micron Min-U-Sil 
Formula 
Silicon dioxide (SiOg) 
Iron oxide (Fe^O^) 
Aluminum oxide (AlgO^) 
Titanium oxide (TiOg) 
Calcium oxide (CaO) 
Magnesium oxide (MgO) 
Specific Gravity 
Boiling Point 
Refractive Index 
£H 
Porosity 
Bulking Value 
Surface Area 
Average Particle Size 
Apparent Bulk Density 
Moisture Content 
99.700% free silica 
0.023% 
0.101% 
0.019% 
Trace 
Trace 
2.650 
4,046° F. 
1.547 
7.0 
Non-porous 
22.144 lb/gal 
0.04522 gal/lb 
0.54 m^/gm 
8.8 microns 
63 Ib/ft^ 
0.05% maximum 
^The minusil data were provided by the Pennsylvania Glass Sand 
Corporation, Pittsburgh, Pennsylvania. 
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Application of the Filtration Model to the Experimental Data 
The experimental verification of the filtration model was 
obtained by using both the author's experimental data and other 
investigators' data. Depending on the type of data collected, 
there are five different methods of calculating the filtration 
coefficients, a, b and hence the solution of the tjieoretical break­
through curve equation 31. 
The next section includes a brief discussion of each method. 
Further details on the use of each method as well as solved examples 
are presented in Appendix I. 
First method: trial and error 
Ci Cf 
Determine the values of the ratios — and tt" from the experi-
o o 
mental filtration curve at the time t = 0, t^ respectively. Sub-
c. 
stitute the values of 7;— , jr- in equations 40 and 42 to calculate 
o o 
the coefficients a, b respectively. The calculated values of a, b 
may be considered for an initial trial to conceive equation 31. If 
the difference between the theoretical and experimental breakthrough 
curves is too great, introduce incremental changes in a and/or b 
until an acceptable similarity between the two curves is reached. 
This method was used to verify the experimental data of Peterson's 
(85) filtration runs No. 13, 14, 18 and 20. 
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Second method; filtrate quality data 
If the quality of filtrate at several bed depths was monitored 
during a filtration run, it is possible to use the linear transformation 
approach presented in equation 45 to determine the coefficients a, b. 
The procedure involves intercepting the experimental filtration curves 
drawn at different bed depths, with a horizontal line at an arbitrary 
C break-through level -pr~. The points of interception represent the run 
o 
length up to the breakthrough for each bed depth. Plot the relationship 
between bed depth x and time to breakthrough t which is approximately a 
straight line. The slope and intercept of this straight line are used 
to determine both a, b based on equation 45 as follows; 
Intercept 
a = b.slope. 
The linear approximation approach was used in the author's run 7, 
Ellassen's (26) run 6, and Saatcl's (89) run 31. 
Third method; head loss data 
If the head loss readings were recorded at several small Increment 
of bed depth, it is possible to use equation 60a to solve for the specific 
deposit content, a. The solution is rather tedious and time consuming; 
therefore. Computer Program No. 1 is recommended (Appendix II). 
The entry data are piezometer readings and depths, clean bed 
porosity, e^, and flow rate, V^. The output includes values of a^. 
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G, and total specific deposit content inside the entire bed for all 
values of filtration time used in the input. Plot the curve that 
relates the ratio •— vs. time of filtration for several values of bed 
u 
depth. Intercept this group of curves at any level of — with a hori-
u 
zontal line and determine the time, t, required to reach the value — 
u 
for each bed depth, x. The relationship between x, t is approximated 
by a straight line. The values of coefficients a, b may be calculated 
from the slope and intercept of the above linear relationship using 
equation 44 as follows: 
-In 
b = -
Intercept 
a = b.slope 
The only filtration data available that could be analyzed using 
this method were from the writer's runs 10 and 11. 
Fourth method: extrapolating the data of other runs 
If the data of one filtration run at a specific flow rate, V^, and 
influent concentration, C^, are known,it is possible to predict filtration 
curves of other runs at different values of V^, and bed depth, using the 
same media size and filtration chemical pretreatment. This method involves 
determining the coefficients a and b for the known run using any of the 
above methods. The coefficients a and b for the other runs are calculated 
using equations 38 and 39 as follows: 
178 
V 
si 
a 2 a 1 V (38) 
s2 
(39) 
This approach was used in Peterson's (85) runs 20-24 and runs 
34a and 38 of Saatci (89). 
Fifth method; extrapolating the data collected for one filter depth 
Sometimes, if it is not possible to intercept more than two 
breakthrough curves with a horizontal line, the second method cannot be 
applied. In this case, it is better to determine the values of 
coefficients a and b using one curve for a specific depth. The same 
coefficients are used to produce filtration curves at any other depth 
using equation 31. 
This approach was used for the analysis of Hegg's runs A-13 and 22, 
B-2, 4 and 15, Cleasby's (18) data presented in his Figures 3 and 6 and 
Hsiung's (43) data for run 40. 
Saleh's runs 7, 10 and 11 
Runs 7, 10 and 11 were particularly designed to investigate and 
verify both models of filtration and bed contact flocculation. In all 
runs the influent was a concentrated suspension of minusil mixed with a 
continuous dose of cationic polymer, PercolLT -22. Other filtration 
2 
conditions were: flow rate, = 10 gpm/ft , sand media size, (J)^^ = 2.56 
mm, bed depths 24, 20, 16, 12, 8 inches for run 7 and 24 inch in runs 10, 11 
Table 4. Summary of the filtration runs used for the verification of 
the filtration and contact flocculation models 
Investigator's Filter Sand Media Influent Suspension 
Name and Year 
Published 
Run 
No. 
Size 
(mm) 
Bed Depth 
(inch) 
Cone. 
(mg/1)^ Type 
Saleh, 1981 10 2.596 24 70.5 FTU Minusil 
Saleh, 1981 11 2.596 21 160 Minusil 
Saleh, 1981 
Cleasby (18), 
1969 
7 
Fig. 3 
2.596 
0.649 
24,20,16, 
12,8 
3,5,9,24 
200 
20 
Minusil 
Clay (calcium 
montmorillonite) 
Cleasby (18) 
1969 
Fig. 6 0.649 3,5,9,24 20 Kaolinite 
Peterson 
1981 
(85) 20 0.649 52 50 Kaolinite 
Peterson 
1981 
(85) 21 0.649 52 25 Kaolinite 
Peterson 
1981 
(85) 22 0.649 52 25 Kaolinite 
Peterson 
1981 
(85) 23 0.649 52 50 Kaolinite 
Peterson 
1981 
(85) 24 0.649 52 25 Kaolinite 
Peterson 
1981 
(85) 13 0.649 52 100 Kaolinite 
Peterson 
1981 
(85) 14 0.649 52 300 Kaolinite 
Peterson 
1981 
(85) 18 0.649 52 200 Kaolinite 
Hegg (41) ,1968 A-13 0.649 1,5,9 7.0 Iron floe from 
ferrous sulfate 
Hegg (41) ,1968 A-22 0.649 1,5,9 7.0 Iron floe from 
ferrous sulfate 
Hegg (41) ,1968 B-2 0.649 1,5,9 7.1 Iron floe from 
ferrous sulfate 
Hegg (41) ,1968 B-4 0.649 5,9 3.5 Iron floe from 
ferrous sulfate 
Hegg (41,1968 B-15 0.649 1,5,9 6.96 Iron floe from 
ferrous sulfate 
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Chemical 
Pretreatment 
Dose . 
Type 
Flow 
Rate g g Slope Inter-
gpm/ (hr/ cept a_^ b_^ 
o u inch) (hr.) (in ) (hr ) Comments 
1.0 
0.5 
0.5 
None 
Percol LT-22 10 =0.4 0.5121 1.0011 0.1308 0.2554 3rd method 
"u 
Percol LT-22 10 — =0.55 0.3197 0.0268 0.0534 0.167 3rd method 
Percol LT-22 10 ^ =0.6 0.45 2.20 0.0162 0.0249 2nd method 
6 . 0  0.0425 0.1960 5th method 
10 Alum 
0.05 Percol LT-
7.5 20 & alum 
6.0 
5.0 
5.0 
7.5 
7.5 
0 .1  5th method 
0.0684 0.2026 1st method 
0.0684 0.1013 4th method 
based on 
0.0456 0.2026 
0.0456 0.2026 
15 Alum & Per­
çu05 col LT-20 
20 Alum & Per­
çu05 col LT-20 
20 Alum & Per-
0.05 col LT-20 
None 
10 
5.0 
5.0 
5.0 
0.0342 0.1013 
0.0443 0.2549 1st method 
0.0110 0.5945 1st method 
0.0205 0,5046 1st method 
0.165 0.280 5th method 
None 
None 
6 . 0  
6 . 0  
0.1196 0.1515 5th method 
0.075 0.4298 5th method 
None 
None 
6 . 0  
3.0 
0.1134 0.3991 5th method 
0.1561 0.5973 5th method 
Table 4. continued 
Investigator's Filter Sand Media Influent Suspension 
Name and Year Run Size Bed Depth Cone. 
Published No. (mm) (inch) (mg/1)^ Type 
Saatci (89), 
1978 31 
34a 
Agrawal (3), 
1966 
Eliassen (26) 
1941 
Hsiung (43), 
1967 
38 
40 
0.415 
0.415 
0.415 
0.5 
0 . 6 0  
0.649 
19.49,17.32, 47.9 
15.62,13.58, 
9.65 
19.88,17.32, 77.4 
15.28,13.70, 
9.84 
19.69,17.32, 81.4 
15.75,13.27, 
9.84 
2,5,10,20,30 50 
1.68,4.68, 
10.68,16.68, 
23.52 
1,5,9 
0.6 ppm 
5.75 
Algae 
Iron floe 
(hydrous 
ferric oxide) 
Iron floes 
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C h e m i c a l F l o w !  
Pretreatment Rate ^ ^ Slope Inter-
Dose , gpmZ g-or— (hr/ cept a_^ a_^ 
(mg/1) Type ft o u inch) (hr.) (in ) (hr ) Comments 
1 ml (Cat Floe 10.21 •^0.21 0.0963 0.587 0.0698 1.26 2nd method 
T polymer dilu- ° 
ted with tap 
water to 1\ ml 
10.21 0.0275 0.0323 4th meth­
od based 
on Run 31 
12.25 0.0229 0.0357 " 
None 2.0 0.0486 0.5099 5th meth­
od 
ferric sulfate 2.0 ^0.34 4.2589 6.156 0.5130 0.0496 2nd meth-
and lime o od 
None 3.0 0.30 0.220 5th meth­
od 
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influent concentration, = 200 mg/1, 100 mg/1, 70.5 NTU, and polymer 
doses 0.5, 0.5, 1.0 mg/1 respectively. 
In Run 7, filtrate samples were collected from all five filters 
for both turbidity and particle counting analysis. The results of this 
run were analyzed following the filtrate data linear transformation 
approach presented in the second method. The slope, b^, and intercept, 
0 b , of the linear relationship, at breakthrough level, tt" = 0.6, were 
° o 
0.463 hr/inch and 2.20 hr respectively. Consequently, the coefficients 
a, b of this run were determined as follows: 
In 
fc 
1/076 + 1 
and 
b = = 0.0 617 hr~^ 
2 . 2  
a = b.b^ = 0.0617 (0.463)= 0.0286 inch 
The results of the data analysis for run 7 are presented in Table 
5 and both the theoretical and experimental breakthrough curves are 
shown in Figures 7 and 8. 
In both filtration runs 10, 11 the head loss measurements were 
used to determine the coefficients a, and b following the third method 
of data analysis. Such information as the media equivalent diameter 
flow rate, V^, clean bed porosity E^, and piezometer readings 
were fed into the second computer program and the output included all 
values of a, at each piezometer location, calculated according to the 
filtration model equations 51a and 61a. 
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0 .0  
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Fig. 7. Experimental data of Saleh's run No. 7 
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0 .8  
0 .6  
P o 
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EXPERIMENTAL 
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TIME (HR) 
Fig. 8. Comparison between the experimental and the theoretical 
breakthrough curves for Saleh's run 7 
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Table 5. Regression analysis of run 7 to determine slope and intercept 
Time To 
Breakthrough 
(hr) 
Bed Depth 
X (inch) x.tr 
Slope^ 
hr/inch 
Intercept^ 
hr 
7.6 12 91.2 
9.8 
11.5 
16 
20 
140.8 
230 
0.463 -2.20 
13.2 24 316.8 
Zt = 42.1 
r 
Ex = 72 
Zx^ = 1376 
E X.t = 778.8 
r 
778.8 ^ 42,11(72) 
^slope, 2— = 0.463 hr/inch 
1367 -
blncercept, b_ =42-1 " 0-463(72) _ ,0 h,. 
In order to use the linear transformation approach presented in 
the third method of data analysis, curves of specific deposit ratio, 
, with respect to filtration time, t, were calculated for five 
u 
different bed depths 2.5, 7.0, 11.5, 16.0, 20.5 inches and are presented 
in Table 6. 
Curves of versus time were prepared from the data of Table 6, 
u ^ 
and a horizontal line at a breakthrough level of — = 0.4 was drawn as 
u 
shown in Figure 9. 
The breakthrough coefficient a, b were then calculated using 
method 3, and the theoretical and experimental curves of C/C^ vs time 
BED DEPTH, IN. 
O 2.5 
• 7.0 
A 11.5 
V 16.0 
O 20.5 
J I I I I I I I I I I I I _l 
2 4 6 8 10 12 14 16 18 20 22 24 26 28 
FILTRATION TIME, HR. 
9. Calculated curves of o/o^ vs. bed depth for Saleh's run No. 10 
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Table 6. Values of ^  for different bed depths and filtration time as 
u 
given in Saleh's run No. 10 
Bed Depth, Inches (a/au) 
Time hr. 2.5 7 11.5 16 20.5 
3.5 0.551 0.365 0.223 0.132 0.072 
6 0.750 0.584 0.291 0.291 0.259 
9 0.716 0.651 0.551 0.450 0.318 
12 0.722 0.601 0.610 0.436 0.404 
15 0.738 0.640 0.578 0.526 0.365 
17 0.742 0.606 0.640 0.551 0.365 
18.5 0.760 0.637 0.600 0.565 0.436 
22 0.760 0.600 0.600 0.571 0.498 
are shown in Figure 10. 
The above solution required predetermination of e^, S, a^. The 
clean bed porosity, e^, was calculated as follows: 
3 
e = 1 - volume of solids/cm of bed volume 
o 
weight of media present in the 8 in bed 
(total volume of the 8" bed)(sp. gr. of sand media) 
= 1 -
1117.33 gm 
tt(3.Q x 2^.54) "(8.0)(2.54)(2.65 gm/cm^) 
= 0.445. 
ooo  oo 
0.8 
0.7 
0.6  
o° 
 ^0.5 O
0.4 
— THEORETICAL 
o EXPERIMENTAL 
0.3 
0.2 
0.0 
0 10 12 14 16 18 20 22 24 26 28 30 32 2 8 4 6 
TIME, HR. 
Fig. 10. Comparison between the experimental and theoretical breakthrough curves 
for full 24 inch filter depth for Saleh's run 10 
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A sample of media grains was cleaned, dried and each particle 
was weighed individually. A random choice of about 20 sand grains was 
analyzed. The volume of each grain, V^, was determined knowing the 
specific gravity of sand media as follows: 
V ( in cm^) = weight of grain in gm 
^ 2.65 gm/cm^ 
grain radius 
For each grain the factor S was calculated as follows: 
where <J)^^ represents the one half of the average sieve size of the clean 
media. The values of S for the sample grains were averaged and the 
mean value was considered for further computations. 
The ultimate value of specific deposit, cr^, used in the analysis 
of runs 10 and 11 was the maximum value of specific deposit computed for 
the top 2.0 inch media layer. The specific deposit values inside 
each bed layer were found to gradually increase until an ultimate value 
was reached, beyond which no changes occurred. Hypothetically, all bed 
layers were assumed to exhibit the same values of a^. To test this 
hypothesis, the filter runs should have been extended further. The 
results of the analysis of the experimental data of run 10 are presented 
in Table 7 and the comparison between the experimental and theoretical 
curves is shown in Figure 10. 
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Table 7. Analysis of Saleh's run 10 
Bed Depth 
X (inch) 
Time to 
Reach 
f = 0.4 Slope Intercept 
t,(hr) X. t (hr/inch) (hr) 
2.2 5.5 
3.8 26.6 
4.5 51.75 0.396 -1.38 
7.4 118.4 
10.0 205 
27.9 407.25 
(inch (hr"l) 
2.5 
7 
11.5 
16 
20.5 
E=57.5 
0.1616 0.3787 
Zx = 863.75 
The root mean square of velocity gradient, G^, was calculated for 
various bed depths and filtration times and the resulting graphs are shown 
in Figure 11 and 12, As shown in Figure 11, the value of through 
most of the bed ranged between 40-340 sec Also, after a few hours of 
filtration the contact flocculator maintained a stable mode of operation 
during which no significant changes in headloss of G^ took place. During 
this steady state the bed continued to produce large size floes and a 
clear liquid in between the floes. 
The results of particle counting study involved several serious 
problems. The Minusil primary particles which were necessary to verify 
the contact flocculation model were smaller than 1 um and were thus 
undetectable by the Hiac particle counter. Therefore, two methods of 
350 
300 
250 
200 
I 
o 
11.5 HL LU 
CO 150 
16.0 IN. 
100 20.5 IN. 
RUN TIME, HR. 
— -1 
Fig. 11. Values of G, sec inside the filter bed at different bed depths 
during Saleh's run 10 
0 
2 
4 
6 
8 
10 
12 
14 
16 
18 
20 
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150 200 
G", SEC 
Values of G in sec ^inside the filter bed at different 
filtration time, t, in hours during Saleh's run 10 
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particle separation were tried in order to remove all undetectable 
submicron particles from the influent suspension. However, these 
two attempts at particle separation were not totally successful for 
several reasons, the details of which are listed in Appendix V. 
In addition to the aforementioned shortcoming of the Hiac Particle 
Counter, the instrument was found to miscount the particles in samples 
higher than 1.0 mg/1 concentration. The cause of such discrepancy was 
due to the shadowing of small particles by the large particles. The 
shadowing problem was extensively investigated in order to determine a 
sample dilution range within which shadowing did not occur. The details 
of the sample dilution study are presented in Appendix IV. 
The problem with submicron particles was also faced in the prep­
aration of distilled water for Minusil suspension dilution in the two 
large influent tanks. The university distilled water was processed 
through a cartridge filter without success in the removal of submicron 
particles. The results of distilled water cartridge filtration data are 
presented in Appendix III. 
As a result of the obstacles to particle counting mentioned above, 
it was not possible to provide experimental proof for equation 89. 
However, the results of runs 10 and 11 provided experimental evidence 
supporting the occurrence of both in-bed flocculation of particles and 
steady state conditions. Substantial evidence of steady state stage were 
provided in the analysis of the data of both runs 10 and 11. In run 10 
for example, all values of the parameters ~ , G, H ^ , and ^  
U 0 0 
oo 
o: 
LU 
^ 50 
CO 
to 
o 
LU 
O O  
TIME, HR. 
Fig. 13. Total bed head loss for Saleh's run 10 
14 
13 
HIAC CHANNEL NO. 
12 
11 
10 
3 
2 
1 
0 
TIME, HR. 
Fig. 14. Values of the ratio of influent to effluent particle count vs. 
filtration time for Saleh's run 10 
oo O O O  o 
O O  0.8 
0.7 
0.6 
ooo"o o CJ 
" 0.4 
0.3 
0 .2  
0 .0  
8 10 12 16 18 20 22 24 26 28 30 32 0 2 6 14 4 
RUN TIME, HR. 
Fig. 15. Breakthrough curves for the entire length of Saleh's run 10 
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16. Calculated values of a/a^ at different depths for Saleh*s run 11 
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Fig. 17. Comparison of the experimental data of Saleh's run 11 with the theoretical 
breakthrough curve obtained using method three 
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approached upper limits towards the end of the run as shown in Figures 
9, 11, 13, 14 and 15 respectively. (The data points of Figure 15 are 
the same as shown in Figure 10, but the line of Figure 15 is a visual 
best fit to the data.) The same conclusion was true for run 11 as 
shown in Figures 16, 17, and 18 which represent the relationships ^  , 
C " 
^and vs time of filtration respectively. 
Perhaps what is more important is the relationship between G and 
the variables x, t. As pointed out earlier the flow velocity gradient 
is a function of deposit content o, and therefore it exhibits higher 
values in the filter top layers than deeper inside the bed. This is 
substantiated by the results of run 10 presented in Figures 11 and 12. 
In the literature review section, Bhole and Mhaisalkar (8) mistakenly 
concluded the opposite, i.e., that the velocity of mixing inside granular 
media increased with the increase in bed depth. 
Cleasby's data shown in his Figure 3 and 6 (18) 
In Cleasby's data, four filter depths were used, 3, 5, 9, and 24 
Inches, and 0.649 mm sand was used for filtration of two types of clay, 
2 
calcium montmorillonite and kaolinite, at a flow rate of 6.0 gpm/ft . 
In the first run, an influent clay concentration of 20 mg/1 was filtered 
without any chemical pretreatment, while in the second run, a dose of 10 
mg/1 alum was added to an influent clay concentration of 20 mg/1. 
The values of the coefficients a and b for each run were determined 
by trial and error (First Method), based on data from the four filters 
with the results presented in Tables 8 and 9. During the initial trial. 
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Q 
the experimental values of -pr- at times 0 and 8 hours were measured 
G 
and the coefficients of each filtration run were calculated as follows: 
Table 8. Analysis of Cleasby's data presented in his Figure 3 
X = 3 in. 
= 5 " 
^i 
C 
o 
* 
0.75 
0.60 
a = 0.048 
= 0.056 
in ^ 
tt 
r
t 
i-h
 
II 
II 
00
 
00
 
hr 
tl 
tl 
II 
0.90 
0.80 
-1^ b=0.259 hr 
= 0.171 " 
= 9 " = 0.44 = 0.048 tl = 8 tt 0.72 = 0.253 " 
= 24 " = 0.14 = 0.041 ft = 8 It 0.40 = 0.260 " 
The ratio -pr- was obtained by extending the experimental break-
^o 
through curve to intersect with the vertical axis at time = 0. 
** 
Coefficients a,b were calculated using equations 40 and 42 
respectively. , 
Notes: Final values of a,b were a = 0.0525 inch , b = 0.19603 hr 
Table 9. Analysis of Cleasby's data presented in his Figure 6 
X = 3 in. 
Co 
0.37 a = 0.166 in.-l tf = 8 hr ^f 
Co 
= 0.82 b=0.304 hr ^ 
= 5 " = 0.21 = 0.156 II = 8 It = 0.77 =0.346 " 
= 9 " 0.08 = 0.140 tl = 8 II = 0.52 = 0.312 " 
= 24 " = 0.01 = 0.096 It = 8 tt = 0.18 = 0.313 " 
*Final values of a and b were a = 0.135 inch and b = 0.3413 hr 
The initial values of a and b for each depth shown in Tables 8 and 
9 for each run were increased or decreased by small increments until 
reasonable agreements between theoretical and experimental curves were ob­
tained. These final values of a and b are presented at the bottom of Tables 
8 and 9. Once the final values of these coefficients were determined; the 
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breakthrough curves for all filter depths were calculated and the 
results are shown in Figure 19 and 20. 
Peterson's runs 13, 14, 18, 20, 21, 22, 23 and 24 (85) 
Peterson's experimental work included several filtration runs through 
a 52 inch deep single media bed of 2.0 mm sand. Peterson collected only 
influent and effluent turbidity and head loss data during all of his 
filtration runs. In the first three runs (No. 13, 14 and 18), high 
turbidity influent was filtered through the bed and the extent of removal 
was monitored. 
Since the chemical pretreatment applied during these three runs 
was not the same, it was not possible to predict the theoretical break­
through curves of any run based on the data of the other runs. Accordingly, 
the trial and error approach presented in the first method was used to 
verify each run separately. The results of the trial and error analysis 
are presented in Table 10, and the theoretical and experimental filtration 
curves are shown in Figure 21. 
Table 10. Analysis of Peterson's runs 13, 14, 18 and 20 
_ Initial 
i Value of a t^ 
Run // ^o (inch ^) (hr) 
p Initial Final Final 
f Value of b Value of a Value of b 
^o (hr ^) (inch ^) (hr ^) 
13 0.01 0.04428 14.5 0.48 0.25371 0.04428 0.25491 
14 0.31 0.01126 3.5 0.73 0.6061 0.010956 0.59451 
18 0.12 0.02039 3.5 0.41 0.4982 0.020475 0.50458 
20 0.005 0.051 20 0.33 0.177 0.0684 0.20262 
0.9 
0.8 
0.7 
5 0-5 
THEORETICAL 
EXPERIMENTAL 
BED DEPTH, IN. 0 . 2  
0 .0  
RUN TIME, HR. 
Fig. 19. Comparison between the experimental and theoretical breakthrough curves for 
Cleasby's run presented in his Fig. 3 
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o 
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0.3 -Q 
0 .2  
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RUN TIME. HR. 
20. Comparison between the experimental and the theoretical breakthrough curves for 
Cleasby's run presented in his #lg. 6 
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In the next five runs 20-24, the alum and polymer doses in mg/1 of 
influent flow were the same, but the flow rate and influent suspension 
concentration were different. Therefore, the results of these runs were 
applicable to the fourth method of data analysis presented earlier. 
First, the coefficients a and b for run No. 20 were determined using the 
first method. Second, the coefficients a and b calculated for run 20 
were used for the calculation of the coefficients of other runs using 
equations 38 and 39. The data of these runs are presented in Table 11 
and all the theoretical and experimental filtration curves are shown in 
Figure 22. 
Table 11. Analysis of Peterson's runs 20, 21, 22, 23 and 24 
•) a _ b_ 
Run # (gpm/ft ) (mg/1) (inch ) (hr ) 
20 5 50 0.0684 0.20262 
21 5 25 0.0684 0.20262(||) = 0.10131 
22 7.5 25 0.0684 (-y^) = 0.0456 0.20262(||) = 0.10131 
23 7.5 50 0.0684 (y^) = 0.0456 0.20262 
24 10 25 0.0684 (y^) = 0.0342 0.20262(||) = 0.10131 
Hegg's runs A-13 and 22, B-2, 4 and 15 (41) 
Both Series A and Series B experiments were part of Hegg's iron 
filtration study. The pilot filters contained 1,5 and 9 inches of 0.649 mm 
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Fig. 21. Comparison between the experimental and theoretical breakthrough 
curves for Peterson's Runs 13, 14, and 18 
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Fig. 22. Comparison between the experimental and theoretical breakthrough curves 
for Peterson's runs 20, 21, 22, 23 and 24 
Table 12. Analysis of Hegg's filtration data 
Run // 
Bed C. 
Depth 
(Inch) o 
Initial 
Value of a 
(inch 
t 
Initial 
^ Value of b 
hr (hr'l) 
Final 
Value of a 
(inch 
Final 
Value of b 
(hr 
A-13 
A-22 
B-2 
B-4 
B-15 
1 
5 
9 
1 
5 
9 
1 
5 
9 
5 
9 
1 
5 
9 
0.72 
0.17 
0,05 
0.75 
0 .26  
0.08 
0.85 
0.40 
0.25 
0.31 
0.14 
0.69 
0.21 
0.06 
0.164 
0.177 
0.166 
0.144 
0.135 
0.140 
0.163 
0.092 
0.077 
0.117 
0.109 
0.186 
0.156 
0.156 
0.91 
0.59 
0.34 
0.94 
0.72 
0.42 
0.95 
0.81 
0 .60  
0.77 
0.61 
0.94 
0.81 
0 .60  
8 
8 
8 
12 
8 
6 
6 
6 
4 
7 
7 
5 
5 
5 
0.232 
0.267 
0.271 
0.182 
0.285 
0.353 
0.285 
0.375 
0.443 
0.335 
0.342 
0.497 
0.602 
0.601 
0.1650 
0.1196 
0.0750 
0.1133 
0.1561 
0.2800 
0.1515 
0.4298 
0.3991 
0.6073 
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sand. The rest of the information regarding the filtration parameters 
in Hegg's runs are presented in Table 4. 
Since it was not possible to intercept all the C/C^ curves for each 
depth with a single horizontal line, the linear transformation approach 
was rejected. The only possible way to verify the model using Hegg's 
experimental runs was that described in the fifth method of data 
analysis. A brief summary of the calculations used is presented in 
Table 12, and both the experimental and theoretical breakthrough curves 
are shown in Figure 23, 24, 25, 26 and 27. 
Saatci's runs 31, 34a and 38 (39) 
Saatci's filtration experiments were particularly designed to 
test the similarity between the phenomena of adsorption and filtration 
through granular media. Therefore, the author used a bank of five 
filters of the same media size but with depths of 25, 35, 40, 45 and 55 
cm. The results of the filtration runs were then used to verify the 
author's linear transformation model which was very similar to Borhart 
Adam's (BDST) method. 
The chemical pretreatments were the same in all of Saatci's runs, 
and it was desired to apply the fourth method of data analysis to pre­
dict the results of runs 34a and 38 from the data of run 31. First the 
linear transformation method (second method) was applied to the data of 
run 31 in Figure 28, to determine constants a and b (Table 13). Then a 
and b were modified using equations 38 and 39 and the modified values 
were used to calculate the theoretical breakthrough curves for runs 34a 
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Fig. 23. Comparison between the theoretical and experimental breakthrough 
curves for Hegg's run A-13 
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and 38. However, the results were poor and are not presented. 
Table 13. Saatci's run 31 
jC_ X t Slope Intercept ^ „ 
(cm) (min) (min/cm) (min) (cm ) (min ) r 
24.5 26 
0.21 34.5 34 2.2737 35.23 0.02997 0.0132 0.927 
49.5 81 
The lack of reasonable agreement between the two curves is due to 
the inherent approximation involved in the linear transformation approach 
as well as the questionable similarity between the five filters. In 
order to correct for the aforementioned discrepancies, the coefficients 
a and b were redetermined for run 31 by the first method, and the final 
values are presented in Table 14 along with the calculated values for 
runs 34a and 38. These constants were used to calculate the breakthrough 
curves for the three runs which are presented in Figure 29, 30 and 31. 
Table 14. Analysis of Saatci's runs 34a and 38 
V C a b 
Run # (m/hr) (mg/l) (cm ^) (min ^) 
31 25 47.9 0.02749 0.021 
34a 25 77.4 0.02749 0.021(||^) = 0.03232 
38 30 81.4 0.02749(||) = 0.02291 0.021(|^) = 0.03569 
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Fig. 28. Experimental breakthrough curves for Saatci's run 31 
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Fig. 29. Comparison between the experimental and theoretical 
breakthrough curves for Saatci's run 31 
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Agrawal, (3) 
Agrawal's filtration of algae through fine sand (0.5 nun) would 
probably result in substantial surface filtration which cannot be 
represented by the theoretical model which is intended to predict 
removal with depth. Agrawal's experiments showed higher than expected 
removal in the bed surface layer and lower removal at the deep layers. 
To demonstrate the accuracy of this hypothesis, Agrawal's experimental 
data were analyzed using the fifth method of data analysis and the results 
obtained for a and b are given in Table 15. The final values of a and b 
at the bottom of Table 15 were used to construct Figure 32 which shows 
the experimental and theoretical breakthrough curves. Figure 32 supports 
the hypothesis because the theoretical curves show less removal in the 
upper layers, and higher removal in the bottom layers. 
Table 15. Analysis of Agrawal's filtration run 
Bed Depth, x 
(inches) 
Ci 
Co 
Coefficient, a^ 
(inch ^) (hr) 
Cf 
C 
o 
Coefficient, b^ 
(hr'l) 
2 0.68 0.096 4 0.90 0.481 
5 0.48 0.073 4 0.76 0.404 
10 0.25 0.069 4 0.68 0.532 
20 0.10 0.058 4 0.61 0.667 
30 0.005 0.088 4 0.50 1.034 
^The final 
respectively. 
values of a and b were 0.048 inch 0.510 hr'l 
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Fig. 32. Comparison between the experimental and theoretical 
breakthrough curves for Agrawal's filtration run 
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Eliassen's run no. 6 (26) 
Eliassen's run 6 involved filtration of 0.6 mg/1 iron in the form 
2 
of hydrous ferric oxide floe at 2 gpm/ft through a bed of 0.6 mm sand 
media. Filtrate samples were collected at depths of 0.14, 0.39, 0.89, 
1.39 and 1.96 ft in the same filter for iron measurements. Since the 
data included in Eliassen's run are applicable to the second analytical 
method, the slope and intercept of the linear relationship between time 
Q 
to breakthrough — = 0.34 and bed depth was determined as in Table 16. 
o 
The theoretical and experimental breakthrough curves of this run are 
shown in Figure 33. 
Table 16. Analysis of Eliassen's run 6 
Bed Depth 
X 
(ft) 
Time to 
Breakthrough 
34 
° t^(hr) t^.x 
Slope 
(hr/ft) 
Intercept 
(hr) (ft'l) (hr 1) 
0.14 
0.39 
0.89 
1.39 
1.96 
Ex = 4.77 
Zx^ = 6.7375 
1 . 0  
13.0 
42.0 
62 
95 
Zt = 213 
0.14 
5.07 
37.38 
86.18 
186.2 
Et^x = 314.97 
48.904 8.092 1.8471 0.03777 
It is apparent from Figure 33 that a similar surface removal problem 
existed in Eliassen's work, similar to that discussed previously in 
Agrawal's work. This might have been expected due to Eliassen's low 
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Fig. 33. Comparison between the theoretical and experimental 
breakthrough curves for Eliassen's run 6 
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filtration rate. 
In order to show the weakness of the turbidity linear transforma­
tion approach,Eliassen's run 6 was analyzed using the trial and error 
method. The results of this analysis are presented in Table 1-9 in 
Appendix I, and a comparison between the experimental and theoretical 
breakthrough curves developed according to the trial and error method is 
shown in Figure 34. As shown in both Figures 33 and 34 the linear trans­
formation approach provided worse results. 
Hsiung's run 40 (43) 
Hsiung's run is another example of iron filtration through sand 
media. The run included the following filtration conditions: flow 
2 
rate of 3.0 gpm/ft , influent concentration of 5.75 mg/1 iron floe as 
Fe, media size of 0.649 mm, and bed depths of 1, 5 and 9 inches. The 
linear transformation approach (Second Method) could not be applied 
since it was not possible to intercept all of the C/C^ breakthrough 
curves with one horizontal line. Consequently, the fifth method of data 
analysis was adopted in the analysis of Hsiung's run 40. The results are 
presented in Table 17 and the theoretical and experimental curves are 
shown in Figure 34. 
Table 17. Analysis of Hsiung's run 40 
Final Values of 
Bed C. tf C, Coefficients 
Depth X ^ ^ ^ 
(inches) o (inch ) (hrs) o (hr ) (inch ) (hr ) 
1 0.490 0.3567 9.5 0.83 0.2159 
5  0 . 0 2 0  0 . 3 9 1 2  9 . 5  0 . 2 9  0 , 2 7 1 4  0 . 3 0 0  0 . 2 2 0  
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RESULTS AND CONCLUSIONS 
The phenomena of particle filtration and contact flocculation 
occurring simultaneously inside a porous media bed are too complex to be 
precisely described mathematically. However, as in all theories, 
analysts consider certain assumptions to simplify the process. The val­
idity of the assumptions and the accuracy of the theory may then be 
challenged by requiring sound experimental evidence. 
The contemporary theories of filtration and contact flocculation 
are either too complex to be useful for further practical applications 
or too limited to accommodate all possible operating conditions. Design 
engineers who are engaged in filtration technology do not always fully 
understand the theoretical processes and are seldom able to utilize 
current filtration theories. So far, filter design is based on rules of 
thumb or requires extensive pilot experiments for each application. Be­
cause of the time factor, expense, and human resources involved in pilot 
plant studies, the experimental approach is not always the best solution. 
Ultimately, for design purposes, a filtration model should exhibit the 
following characteristics: 
1. Easy to understand 
2. Simple to apply 
3. Require the least amount of experimental investigation 
4. Flexible enough to account for all possible filtration 
conditions. 
In the current study, a great deal of attention was devoted to ful­
fill the aforementioned characteristics. First, several assumptions 
229 
about the flow, bed geometry, particle mode of deposition, and process 
mechanisms were required to reach an analytical solution. These 
assumptions may be briefly restated as follows: 
1. The flow is laminar and is best described in light of a capil­
lary tube model. 
2. The filter bed is homogeneous and may be represented by a 
group of capillary channels of equal size, and the media shape factor, 
and tortosity do not significantly change during filtration. 
3. The suspension particles uniformly coat the inside walls of 
the capillaries, and the deposits retain the same self porosity through­
out the filter run. 
4. The mechanisms of particle detachment, perikinetic flocculation, 
and primary particle break-up are not significant and may be ignored. 
The theoretical model was challenged using a wide range of experi­
mental conditions. In summary, the experimental data used to evaluate 
the model included 24 runs of eight different investigators and involved 
seven different types of suspension at influent concentrations ranging 
from 0.6 to 300 mg/1. Filter media size range was 0.50 to 2.50 mm and 
2 bed depths were 1 to 52 inches. Flow rates varied from 2 to 10 gpm/ft . 
Five different types of chemical treatment were applied to one or more 
of the various suspensions prior to filtration. The run length ranged 
from 2 to 96 hours of filtration. 
The results of filtration experiments were analyzed using the fil­
tration model by five different methods, depending on the type of data 
available. The five methods varied in their accuracy, advantages and 
disadvantages. 
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The first and fifth methods involve a trial and error approach 
HapeH on irhp information obtained from one curve depicting filtrate 
quality versus time during a filter run. These methods are the easiest 
and shortest methods to use. 
The second method requires data on the filtrate quality at 
different filter depths and filtration times. The linear transformation 
method presented in equation 45,is required to solve for the unknown 
coefficients. This method not only involves an approximation in the 
relationship between bed depth and time to reach breakthrough, it also 
requires the collection of a large amount of filtrate data at different 
bed depths. If the samples of filtrate are collected from the same 
filter, there is an inherent risk of disturbing the filter bed during 
the sampling time. On the other hand, if the samples are collected 
from several filters of different depths which were supposed to resemble 
one main bed, the problem of maintaining perfect similarity might be too 
difficult to resolve. 
The advantage of the linear transformation is its useful assistance 
for design purposes. Based on the relationship given in equation 45,it 
is possible to determine the bed depth that is required to furnish 
filtered water of turbidity less than or equal to the breakthrough limit 
for a specific length of time. Or, it might be used to determine the 
run length until breakthrough for a certain bed depth. Figures l and 
2 show the relationship between time to breakthrough and bed depth for 
both specific deposit, and filtrate quality data respectively. 
The relationship between run length on one hand and the variables 
C , V , K , a on the other hand may be better understood based on the 
o s o u 
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information given in equations 44 and 45. The slope of the linear 
equations 44 and 45 increases, and consequently the run length increases 
if C or V decrease or if a increase. Also, if the attachment OS u 
coefficient, K^, increases, the y intercept of the straight line de­
creases toward zero (becomes less negative) and consequently the run 
length increases. The effect of C , V , K and a on the linear trans-
o s o u 
formation relationship is presented in Figures 36, 37, 38, and 39 
respectively. 
The third method used to evaluate the model is based on measure­
ments of head loss in the filter bed at small intervals of bed depth. 
Because head loss measurements can be very accurate and do not cause 
any disturbance to the process of filtration, this method provides a 
great deal of reliability and convenience. The only disadvantage to this 
approach is the lengthy solution and the need for computer assistance. 
The fourth method requires the use of equations 38 and 39 and the 
data of one filtration run to predict the theoretical breakthrough 
curves of any other filtration runs using the same filter and same 
chemical pretreatment. This method is very simple and useful in the 
design of filtration units without the need for extensive experimental 
work. Neither the third nor the fourth method has been cited previously, 
and are therefore considered as original developments in the area of 
filtration model applications. 
The diversity of data processing techniques not only made the 
model easy to understand but also simplified the model to the extent 
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that a design engineer without prior experience in the use of mathe­
matical filtration models, can fully utilize the theory. As previously 
pointed out, it is not necessary to collect massive and hard-to-get 
experimental data in order to use the filtration model. Influent and 
effluent turbidity readings of a shallow filter alone are enough to 
predict the breakthrough curves of deeper filters. However, collection 
of head loss readings with respect to bed depth and time of filtration 
becoraêjs necessary if the root mean square of the velocity gradient, G, 
and specific deposit content are to be calculated. 
Perhaps the best and most useful outcome of the current mathe­
matical model is the ability to predict the process variables such as 
filtrate quality, head loss, flow velocity gradient, and specific deposit 
content based on filtration data collected for different bed depths, flow 
rate, and influent concentration. This conclusion was substantiated 
with experimental evidence presented in the analysis of both Peterson's 
(85) and Saatci's (89) filtration runs. Thus, for design purposes 
according to the filtration model, a minimal number of runs performed 
with a small pilot filter should be sufficient. The significant re­
duction in the number of filtration experiments, the number of pilot 
filters and depths, and the necessary filtration run lengths will optimize 
to a great extent the use of pilot plants for both research and design 
purposes. 
The use of the head loss data to predict the breakthrough as 
described in the third method gave good predictions in Saleh's runs 10 
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and 11. This would indicate that the head loss model, Equation 60a 
is a valid model. This model could be used in the reverse manner 
using the breakthrough curve (C/C^) to calculate the coefficients a 
and b, and then a as function of x and t, equation 30, and finally using 
equation 60a to get the head loss for any small depth increment. The 
total bed head loss at any time would be the summation of the head loss 
increments for each layer. 
Among the problems encountered in the verification of filtration 
models is the conversion of influent or effluent concentrations in 
common units such as mg/1 or TU into volume/volume for the purpose of 
determining specific deposit. The proposed filtration model provides 
an approximate way to calculate this conversion factor, K,. Knowing 
the values of coefficients a = — , and b = 8 it follows that: 
s 
b 16V C 
s o 
Therefore, 
C = 
o 16aV (85) 
In order to render equation 85 dimensionally correct, a conversion 
factor, C^, the value of which is unity and its units are mg/1 per vol/vol 
or TU per vol/vol is necessary, i.e. 
C = 
o 
C^b 
16aV (85a) 
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Equation 85a was verified with reasonable agreement using the 
results of runs 10 and 11 and the calculations are presented in Appendix 
I. The verification of equation 85a required calculation of both the 
total mass of solids removed inside the entire bed between an interval 
of time. At, and the increase in total deposit inside the bed for the 
same interval of time, i.e. 
(C - C) dt = K, Cfdx) - I adx) 2 I 1 
\(C, _ C), + (C, C). 
= kr Aa  ^ - Aa^ @ 6 )  
where Ao^, Aa^ are the total deposit volume in the full bed at the 
moments t^ and t„ respectively, and is a dimensionless conversion 
C^b 
factor and its average value is equal to , as given in equation 
s 
85a. 
The filtration model presented herein provides both analytical 
and computer solutions to the process of filtration and contact floccula-
Q tion. The ratio of particle removal, -pr- > specific deposit content, O, 
and primary particle disappearance, ^ , as functions of both filter depth 
o 
and time of filtration were presented in equations 30 , 31, and 80 
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respectively. 
The analytical solution presented in the current study was 
developed by solving a new continuity equation. The proposed equation 
is an alternative solution to the controversial issue of simultaneous 
particle attachment and detechment. Since the mechanism of detachment 
is only hypothetical and has not been substantiated with sound experi­
mental proof, the writer is of the opinion that a filtration continuity 
equation should be free of any detachment terms. It is realistic to 
assume that during the process of filtration, particles are simultaneously 
subjected to two groups of forces: one force enhancing removal, equal to 
KgVg (a^ - 0)C, and the other retarding removal, equal to 
The rate of particle removal is thus the product of the two groups of 
forces as presented in equation 1. 
The ratio of clogged bed to clean bed head loss, ^ , and the mean 
_ o 
square root of velocity gradients G^, G^, as functions of specific 
deposit a were presented in equations 60a, 61a, and 62b respectively. 
Since specific deposit a is a function of both x and t, it is possible to 
H - -
express ^ , G^, G^ as functions of x, t by substituting for O, as given 
o 
in equation 30, into equations 60a, 61a, and 62b respectively. 
As shown in equations 6la and 61b the value of G is a function of 
the filter media, flow variabilities, and the specific deposit (e^, 
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S, and C f ) .  G is proportional to and O ,  and inversely proportional 
to E^, S. The numerical example presented in Table 1 clearly 
demonstrates the effect of each of the foregoing variables on the value 
of G for typical filter media. A granular media filter bed of 1.0 ram 
diameter may show values of the flow weighted G (G^) as high as 322 
sec ^ when a flow rate of 8.0 gpm/ft^ is used and a degree of clogging 
at which a = 0.3 is reached. 
The value of G inside a filter bed is a function of the degree of 
clogging as indicated by the deposit content, 0. Generally speaking, at 
the start of a filter run the bed is clean and a = o; therefore, G is 
at its lowest value. As the run proceeds, more volume of filtrate passes 
through the bed causing gradual increase in bed clogging, and consequently 
the value of G increases. Towards the end of the run the filter bed 
reaches its ultimate capacity for removal and no more particle deposition 
takes place. At this stage a = a and G = G and no further increase 
u max 
in the value of G occurs as shown in Figure 42 . 
Figures 40, 41 and 42 show the general behavior of G, at a given 
filter lamina, during a filter run with different filtration rate, grain 
size, or with specific deposit (a). 
It is interesting to note that equations 63 and 64 show that the 
rate of change of G or G^, with respect to bed porosity, E, is always 
positive and exhibits no peak values for 0< E < E^. As previously 
stated, filter beds never reach a point at which the whole bed porosity 
is zero; therefore, values of G or G^ equal to infinity are never met in 
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practice. However, as O reaches bed porosity approaches the 
minimum value of bed porosity, £^. Operating filters beyond this stage 
would result in no further removal and the bed would function solely as 
a contact flocculator at maximum and constant values of G and G^, as 
indicated in Figures 43a, b and c. 
Because of the numerous obstacles encountered in the particle 
counting study, it is not possible at the present time to present 
experimental verification of the primary particle disappearance model. 
However, the study included several interesting observations in regard 
to bed contact flocculation. The following section highlights the 
results of the experimental investigation of bed flocculation. 
Evidence of particle flocculation was provided in two different 
ways. First, towards the end of each run, the contact flocculator 
produced a continuous flow of large visible floes interspersed by clear 
water. Since the influent was generally a cloudy suspension, with 
particles too small to be visible, it was concluded that particles do 
flocculate while flowing through the bed capillary channels. During the 
initial stages of each run, the produced floes were partially removed 
inside the bed until the amount of removal gradually deteriorated until 
all the bed voids were filled up to their ultimate removal capacity. 
The second evidence of in-bed flocculation of particles was 
implicitly found during the analysis of the 1-2 ym particle counting 
data. The results of almost all runs indicated higher numbers of 1-2 ym 
particles in the effluent than in the influent for each pair of samples. 
The increase in the 1-2 ym particle count after filtration may have been 
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Fig. 43- Relationship between bed porosity (e ) during a filter run and 
G, bed residence time, t^, and the product G-t^ 
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caused by either break-up of larger size particles or flocculation 
of smaller size particles. The number of larger size particles in 
the influent was not large enough to account for the significant 
increase in the number of 1-2 ym particles. Furthermore, the number 
of larger sized particles did not decrease enough to account for the 
increase in 1-2 ym particles. Therefore, of the two hypotheses it seems 
more reasonable to assume that there is flocculation of submicron 
particles, especially since the prevailing conditions favored floccula­
tion as evidenced by the appearance of large floes later in the filter 
run. 
As pointed out earlier in the literature review section, contact 
flocculators go through a steady state period after the exhaustion of 
bed removal capacity. The steady state is manifested by retaining a 
constant value of ^ ^ ^ and As shown in runs 10 and 11, 
o o u o 
towards the end of each run the bed operated under a steady state con­
dition and it was possible to keep the process going. 
Reasons for Disagreement Between the Theory and Experiments 
There are instances where theory and experiments do not show 
satisfactory agreement. The reason for such discrepancies is due in 
part to the approximate assumptions used in developing the theory and the 
lack of an ideal experimental design which fulfills these assumptions. 
For instance, the theory assumes that the filter bed is homogeneous and 
the influent solids concentration, temperature, ion concentration and pH 
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are constants throughout the run. However, these assumptions are 
difficult to be fulfilled perfectly in an experiment. Also, in order 
to simplify the theory, a linear transformation of the breakthrough 
equation was proposed. The linear transformation is an approximation 
and results in a poor comparison between the experimental and theoretical 
curves. 
Filtration of a concentrated suspension through coarse media at 
high flow rates and with inadequate chemical pretreatment often is 
characterized by a poorer filtrate for a period during the first part 
of the run. The filtration model developed herein, if applied to the 
above filtration conditions, would predict higher removal at the 
beginning of the run and gradual deterioration with filtration 
time. Thus, the model does not describe the early breakthrough period 
of a filter run. 
Attempts to verify the filtration model using filtration data where 
surface removal was predominant were usually characterized by noticeable 
disagreements. In such cases, the theory usually underestimates the 
rate of removal for the top layers and over estimates the rate of removal 
for the deeper layers. This was observed for both Eliassen's (26) and 
Agrawal's (3) runs. 
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SUMMARY AND CONCLUSIONS 
In the current study,two models of filtration and bed contact 
flocculation,were established. The models were investigated theoretically 
and experimentally. The experimental verification in most of the aspects 
of this study provided substantial support and proof of the filtration 
model. 
The conclusions of this investigation may be summarized as follows: 
1. In order to solve the complexity of the processes of filtration 
and contact flocculation certain assumptions were considered and an 
original kinetic equation was proposed. The proposed kinetic equation 
included the common effect of both attachment and detachment without 
suffering from any of the errors and deficiencies pointed out in the 
prior equations cited in the literature review. • 
2. Both analytical and numerical solutions of the proposed filtra­
tion equations were developed and presented in a filtration model which 
was experimentally verified using the authors own data as well as data 
of other investigators with a remarkable agreement in most cases. 
3. Five different methods were proposed for the analysis of the 
experimental data using the current filtration model. Some of these 
methods required collection of very little filtration data in order to 
predict almost all the information an engineer needs to design a filter. 
Thus the simplicity and wide utility of the filtration model provides a 
significant advantage over other models. 
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4. The method involving linear transformation of turbidity data 
suffered from two deficiencies, which resulted in poor comparisons 
between experimental and theoretical breakthrough curves. The reason 
for such poor results was mainly due to the approximation involved in 
deriving the linear relationship and the difficulties encountered in 
conducting the kind of filtration experiments required in this method. 
5. For the first time in the history of filtration theories an 
attempt was made to relate the two processes of particulate removal in­
side the filter bed and the increase in energy loss. The head loss 
data were used in predicting the filtrate quality with great success. 
6. One of the remarkable applications of the filtration model was 
the ability to predict the filtration breakthrough curves for the runs 
at different flow rates, influent suspension concentrations and bed 
depths based on the information collected from only one run. The 
advantages of such a technique will be useful in the optimization of 
pilot plant studies and filter designs. 
7. One of the deficiencies of earlier filtration models was in­
ability to convert the influent concentration from turbidity units or 
mg/1 to vol/vol units. The current filtration model provides an easy and 
reliable way of solving this problem. 
8. The root mean square of velocity gradient inside the filter 
bed during the process of filtration was explicitly given in a mathe­
matical formula as a function of both bed depth and filtration time. 
247 
This relationship is the first and only method available so far for 
calculation purposes. The relationship was derived according to the 
capillary tube model. 
9. A new equation describing the change in head loss as a 
function of specific deposit at any bed depth and run time was presented 
earlier in the theory section. The equation was part of the application 
of the capillary tube model to the process of filtration. 
10. A mathematical model describing the process of bed contact 
flocculation in light of the disappearance of primary particles was 
deduced after considering certain simplifying assumptions. The model 
required specific experimental design in order to provide experimental 
verifications. However, due to numerous problems in particle counting 
no direct experimental proof was obtained. 
11. The experimental work included in the verification of the bed 
contact flocculation model provided substantial evidence of the production 
of large floes coming out of the filter during the final stages of the 
run. Also, the proposed steady state stage was verified in all the 
following relationships; and ^ vs (x,t), vs t and ^ vs t. 
^o °u o 
12. The following limitations of the filtration model are acknow­
ledged. The filtration model was not designed to predict the rate of 
removal at the beginning of a run. Furthermore, the model is intended to 
predict removal in depth and can not be successfully applied to cases 
where substantial surface removal occurs. 
248 
BIBLIOGRAPHY 
1. Adin, A. Solution of granular bed filtration equations. J. Env, 
Eng. Div. ASCE, 104 (EE3), (1978), 471. 
2. Adin, A., and Rebhun, M. High-rate contact flocculation filtration 
with cationic polyelectrolytes. J. AWWA, 66 (2), (1974), 109. 
3. Agrawal, G. D. "Electrokinetic phenomena in water filtration." 
Ph.D. Thesis, University of California, Berkeley, 1966. 
4. Amirtharajah, A., and Gleasby, J. L. Predicting expansion of filters 
during backwash. J. AWWA, 64 (1972), 64. 
5. Argaman, Y. A. Pilot-plant studies of flocculation. J. AWWA, 63 
(1971), 775. 
6. Argaman, Y. and Kaufman, W. J. Turbulence and flocculation. J. 
San. Eng. Div., ASCE, 96 (SA2), (1970), 223. 
7. Baylis, J. R. Experiences in filtration. J. AWWA*, 29, (Aug. 1937), 
1010. 
8. Bhole, A. G. and Mhaisalkar, V. A. Study of a low cost sand-bed-
flocculator for rural areas. Indian J. Environ. Hlth., 19 (1), 
(1977), 33. 
9. Bodziony, J. and Kraj, W. Equation describing colmatage-and-
diffusion phenomenon. Bulletin De L'Academic Polonaise de 
Sciences, 14 (7), (1966), 417. 
10. Bodziony, J. and Litwiniszyn, J. Mathematical approach to the 
phenomenon of colmatage of an n-fractional suspension of particles. 
Bull. Acad. Polon. Sci., Ser. Sci. Techn., 10 (1962), 43. 
11. Bodziony, J., and Litwiniszyn, J. A mathematical model of the colma­
tage phenomenon of the n-functional suspensions of particles. 
Kolloid-Zeitschr. fur Polymere, 2 (1962), 185. 
12. Borchardt, J. A. and O'Melia, C. R. Sand filtration and algae 
suspensions. J. AWWA, 53 (Dec. 1961), 1493. 
13. Camp, T. R. Discussion of the filter sand for water purification 
plants. J. San. Eng. Div., ASCE, 63 (1) (April, 1937), 769. 
14. Camp, T. R. Theory of water filtration. J. of San. Eng. Div. 
ASCE, 90 (SA4), (August, 1961), 1. 
249 
15. Camp, T. R., and Stein, P. C. Velocity gradients and internal work 
in fluid motion. J. of the Boston Society of Civil Engineers, 30 
(4), (1943), 219. 
16. Carman, P. C. J. Soc. Chemical Industry, 57 (1938), 233. 
17. Carman, P. C. Fluid flow through granular beds. Trans. Ins. Chem. 
Engin., 15, (1937), 150. 
18. Cleasby, J. L. Approaches to a filtrability index for granular 
filters. J. AWWA, 61 (8), (Aug. 1969), 372. 
19. Cleasby, J. L., and Baumann, E. R. Selection of sand filtration 
rates. J. AWWA, 54 (May 1962), 579. 
20. Coulson, J. M. The flow of fluids through granular beds: Effect 
of particle shape and voids in streamline flow. Trans. Ins. Chem. 
Engin., 27, (1949), 237. 
21. Deb, A. K. Discussion of Camp's paper, "Theory of water filtration" 
presented in J. San. Eng. Div. ASCE, (August 1964). Deb's discus­
sion is presented in J. San. Eng. Div. ASCE, 91 (April 1965), 84. 
22. Deb, A. K. Numerical solution of filtration equations. J. San. 
Eng. Div. ASCE, 96 (SA2), (1970), 195. 
23. Deb, A. K. Theory of sand filtration. J. San. Eng. Div., Proc. 
ASCE, 95 (SA3), (1969), 399. 
24. Debye, P., and Huckel, E. Phys. J., 24 (1923), 185. 
25. Diaper, E. W. J., and Ives, K. J. Filtration through size-graded 
media. J. San. Eng. Div. Proc. ASCE, 91 (SA3) , (June 1965), 89. 
26. Eliassen, R. Clogging of rapid sand filters. J. AWWA, 33 (5), 
(1941), 926. 
27. Ergun, S. Fluid flow through packed columns. Chem. Eng. Progr., 
48 (1952), 89. 
28. Fair, G. M., and Geyer, J. C. Water Supply and Waste Water Disposal. 
John Wiley & Sons, New York, 1954. 
250 
29. Fan, Juo-Shuh. "Sphericity and fluidization of granular filter 
media." M.S. Thesis, Iowa State University, Ames, Iowa, (1978). 
30. Feller, W. An Introduction to Probability Theory and its 
Applications. 2nd Edition. John Wiley & Sons, New York, 1959. 
31. Fox, D. M., and Cleasby, J. L. Experimental evaluation of sand 
filtration theory. J. San. Eng. Div. Proc. ASCE, 92 (SA5), 
(1966), 61. 
32. Ghosh, G. Mechanism of rapid sand filtration. Water and Waste­
water Eng., 90 (1958), 147. 
33. Ghosh, G. Media characteristics in water filtration. J. San. 
Eng. Div. Proc. ASCE, 84 (SAl), (1958), 1. 
34. Gouy, G. J. Phys., 9 (4), (1910), 457. Ann. Phys., 7 (9), (1917), 
129. 
35. Hall, W. A. An analysis of sand filtration. J. San. Eng. Div. 
Proc. ASCE, 83, (1957), 1276. 
36. Hazen, A. On sedimentation. Trans. ASCE, 53, (1904), 45. 
37. Heertjes, P. M. Studies in filtration. Blocking filtration. 
Chem. Engr. Sci., 6, (1957), 190. 
38. Heertjes, P. M., and Lerk, C. F. The functioning of deep-bed 
filters. Part I: The filtration of colloidal solutions. Trans. 
Inst. Chem. Engrs., 45, (1967), T129. 
39. Heertjes, P. M., and Lerk, C. F. The functioning of deep-bed 
filters. Part II: The filtration of flocculated suspensions. 
Trans. Inst. Chem. Engrs., 45 (1967), 138. 
40. Heertjes, P. M., and Lerk, C. F. Proc. Sympos. on Interaction be­
tween fluids and particles. Inst. Chem. Engrs., 40 (1962), 269. 
41. Hegg, B. A. Filtration of various waters on granular filters. 
M.S. Thesis, Iowa State University Library, Ames, Iowa, (1968). 
42. Herzig, J. P., Leclerk, D. M. and LeGoff, P. Flow of suspensions 
through porous media-application to deep bed filtration. Ind. 
and Eng. Chem. 62 (5), (May, 1970), 8. 
43. Hsiung, K. G. Prediction of performance of granular filters for 
water treatment. Ph.D. Thesis, Iowa State University, Ames, Iowa, 
1967. 
251 
44. Hsiung, K. G. and Cleasby, J. L. Prediction of filter performance. 
J. San. Eng. Div. ASCE, 94 (SA6), (1968), 1043. 
45. Huck, P. M., and Murphy, K. L. Kinetic model for flocculation with 
polymers. J. San. Eng. Div. Proc. ASCE, 104 (EE4), (August 1978), 
767. 
46. Hudson, H. E., Jr. Physical aspects of flocculation. J. AWWA, 
57 (7), (1965), 885. 
47. Hunter, R. J., and Alexander, A. E. Surface properties and flow 
behavior of kaolinite. Part III: Flow of kaolinite soils through 
a silica column. J. Colloid Sci., 18 (1963), 846. 
48. Ison, C. R., and Ives, K. J. Removal mechanisms in deep bed filtra­
tion. Chem. Eng. Sci., 24, (1969), 717. 
49. Ives, K. J. Deep filters. J. Filtration & Separation, 48 
(March/April 1967), 95. 
50. Ives, K. J. Filtration through a porous septum: a theoretical 
consideration of Baucher's Law. Proc. Inst. Div. Engrs., 17, 
(1960), 333. 
51. Ives, K. J. Filtration using radioactive algae. Trans. Amer. Soc. 
Civil Engrs., 127 (IIK), (1962), 372. 
52. Ives, K. J. New concepts in filtration. Water and Water Eng., 
65, (1961), 307. 
53. Ives, K. J. Rational design of filters. Proc. Inst. Civil Engrs., 
16 (1960), 180. 
54. Ives, K. J. Rational design of filters. Proc. Inst. Civil Engrs., 
16 (1960), 189. 
55. Ives, K. J. Research on deep filters. Synopsis. Trans. Inst. 
Chem. Engrs., 43 (1965), T238. 
56. Ives, K. J. Simplified rational analysis of filter behavior. 
Proc. Inst. Civil Engrs., 25 (1963), 345. 
57. Ives, K. J. Theory of filtration. Special Subject No. 7, Inter­
national Water Supply Congress and Exhibition, Hotbury Congress 
Centre, Vienna, Sept. 1969. 
58. Ives, K. J., and Aldlbouni, M. Orthokinetic flocculation of latex 
microspheres. Chem. Eng. Sci., 34, (1979), 983. 
252 
59. Ives, K. J., and Gregory, J. Basic concepts of filtration. Proc. 
Soc. for Water Treat, and Exam. 40, (1966), 968. 
60. Ives, K. J., and Gregory, J. Surface forces in filtration. Society 
for Water Treat, and Exam. Proc. 15 (2), (1966), 93. 
61. Ives, K. J., and Pienvichitr, V. Kinetics of the filtration of 
dilute suspensions. Chem. Eng. Sci., 25, (1963), 345. 
62. Ives, K. J., and Sholji, I. Research on variables affecting filtra­
tion. J. San. Eng. Div. Proc. ASCE, 91 (SA4), (1965), 1. 
63. Iwasaki, T. Some notes on sand filtration. J. AWWA, 29, (Dec. 
1937), 1591. 
64. Kozeny, J. Bar. Wien Akad., 271 (1927), 1362. 
65. Kraj, W. A Simplified model of colmatage accompanied by diffusion 
process. Bulletin De L'Academie Polonaise des Sciences, 14 (8), 
(1966), 477. 
66. Litwiniszyn, J. Cauchy's problem in the process of colmatage 
accompanied by diffusion. Bulletin De L'Academie Polonaise des 
Sciences, 14 (7), (1966), 427. 
67. Litwiniszyn, J. Colmatage accompanied by diffusion. Bulletin 
De L'Academie Polonaise des Sciences, 14 (4), (1966), 295. 
68. Litwiniszyn, J. Colmatage accompanied by diffusion. Bull. Acad. 
Polon. Sci., Ser. Sci. Tech., 14 (4), (1966), 295. 
69. Litwiniszyn, J. Colmatage considered as a certain stochastic 
process. Bulletin Academic Polonaise de Sciences, Serie des 
Sciences Techniques, I (3), (1963), 81. 
70. Litwiniszyn, J. Colmatage-scouring kinetics in the light of 
stochastic birth-death process. Bulletin De L'Academie Polonaise 
des Sciences, 9 (9), (1966), 561. 
71. Mackrle, V., and Mackrle, S. Adhesion in filters. J. San. Eng. 
Div. Proc. ASCE, 87 (SA5), (1961), 17. 
72. Mackrle, V., Draka, 0., and Svec, J. Hydrodynamics of the disposal 
of low-level radioactive wastes in soil. Final report to the Inter­
national Authority from the Institute of Hydrodynamics, Czechoslovak 
Academy of Sciences, Praha, 1965. 
253 
73. Maroudas, A. "Clarification of suspensions: a study of particle 
deposition in granular filter media." Ph.D. Thesis, University of 
London, 1961. 
74. Marrow, J. J. and Rausch, E. G. Colloid destabilization with 
cationic polyelectrolytes as affected by velocity gradients. J. 
AWWA, (11), (1974), 646. 
75. Michaels, A. S., and Morelos, 0. Polyelectrolyte adsorption by 
kaolinite. Ind. Eng. Chem., 47 (9), (1955), 1801. 
76. Mints, D. M. Kinetics of filtration of low-concentration water 
suspensions in water purification filters (in Russian). Dokl. 
Akad. Nauk SSSR, 78 (2), (1951), 315. 
77. Mints, D. M., and Krishtul, V. P. Investigation of the process of 
filtration of a suspension in a granular bed. Zhurnal Priklodnoi 
Khimii, 33 (2), (Feb., 1969), 304. 
78. Mohanka, S. S. Theory of multi-layer filtration. J. San. Eng. 
Div. Proc. ASCE, 95 (SA6), (December 1969), 1079. 
79. O'Melia, C. R. The role of Polyelectrolytes in filtration 
processes. EPA Report number 670/2 - 74 - 032, (1974). 
80. O'Melia, C. R., and Crapps, D. K. Some chemical aspects of rapid 
sand filtration. J. AWWA, 56, (Nov. 1964), 1326. 
81. O'Melia, C. R. and Stumm, W. Theory of water filtration. J. AWWA, 
59 (11), (1967), 1393. 
82. Ott, C. R., and Bogan, R. H. Theoretical evaluation of filter 
modeling experiments. J. San. Eng. Div. Proc. ASCE, (SA2), (April 
1970), 455. 
83. Oulman, C. S., Baumann, E. R. Streaming potentials of diatomite 
filtration of water. J. AWWA, 56, (July 1964), 915. 
84. Oulman, C. S., Burns, D. E., and Baumann, E. R. Effect on filtra­
tion of polyelectrolyte coatings of diatomite filter media. J. AWWA, 
56, (September 1964), 1233. 
85. Peterson, M. Filtration experiments as part of the fulfillment of 
his Ph.D. Thesis, Iowa State University, Ames, Iowa. 
86. Robinson, B. J., Saatci, A. M., and Oulman, C. S. A theoretical 
comparison of velocity gradients. Engineering Research Institute, 
Iowa State University, Project 1252, Oct. 1978. 
254 
87. Rosenberg, R. M. Principles of Physical Chemistry. New York: 
Oxford University Press, 1977. 
88. Ruth, B. F. Correlating filtration theory with industrial 
practice. Ind. and Engr. Chem., 38, (June 1946), 554. 
89. Saatci, A. M. Application of adsorption methods to filtration. 
Unpublished Ph.D. Thesis, Iowa State University, 1978. 
90. Sakthivadivel, R., Thanikachalam, V., and Seetharaman, S. Head-
loss theories in filtration. J. AWWA, 64 (4) (1972), 233. 
91. Saleh, F. S., and Cleasby, J. L. Discussion of "Solution of Granular 
bed filtration equations." J. San. Eng. Div. ASCE, 104 (EE3), 
(1978), 471. 
92. Selmeczi, J. G. Developments in the theory of filtration. J. 
Filtration Engineering, 11, (1974), 10. 
93. Shea, T. G., Gates, W. E. and Argaman, Y. A. Experimental evalua­
tion of operating variables in contact flocculation. J. AWWA, 63 
(1), (1971), 41. 
94. Slichter, G. Nineteenth Annual Report. U.S. Geol. Surv., 2 
(1897-8), 305. 
95. Smith, A. J. Physics," 3 (1932), 139. 
96. Smith, C. V. Determination of filter media zeta potential. J. San. 
Eng. Div. Proc. ASCE, 93 (SA5), (1967), 91. 
97. Smith, C. V. Electrokinetic phenomena in particulate removal by 
rapid sand filtration. J. New England Wat. Works Assn., 81 (1967), 
170. 
98. Stanley, D. R. Sand filtration studies with radiotracers. Proc. 
ASCE, 81 (1955), 592. 
99. Stein, P. C. "A study of the theory of rapid filtration of water 
through sand." Doctoral Dissertation, Massachusetts Institute of 
Technology, Cambridge, Mass., 1940. 
100. Tamamushi, B., and Tamaki, K. Trans. Faraday Soc., 55, (1959), 1007. 
101. Tekippe, R. J., and Ham, R. K. Velocity-gradient paths in coagula­
tion. J. AWWA, 63 (7) (1971), 439. 
255 
102. Terzaghi, Karl. Eng. News Rec., 95 (1925), 832. 
103. Trazaska, A. Experimental research on the phenomenon of colmatage. 
Bulletin De L'Academie Polonaise des Sciences, 13 (9), (1965), 451. 
104. Treweek, G. P. Optimization of flocculation time prior to direct 
filtration. J. AWWA, 71 , (1979), 96. 
105. Van de Ven, T. G. M. and Mason, S. G. Colloid and 
Polymer Sci. (1977), 255, 794. 
106. Verwey, E. J. W. and Overbeék, J. T. G. Theory of the stability 
of lyophobic colloids. Elsevier Publishing Co., New York, 1948. 
107. Von Smoluchowski M., Versuch %ner niathematischen theorie der 
koagulations - Kinetik Kolloid Losungen. Zeitschrift fur Physikal-
xshe Chemie (Leipzig), 92, (1917), 129. 
108. Walker, J. D. High energy flocculation and air and water back-
washing. J. AWWA, (3), (1968), 321. 
109. Water filtration. The Mints-Ives Controversy. J. Filtration and 
Separation, 13 (3), (Apr. 1976), 131. 
110. Wenk, W. Electrokinetic and chemical aspects of water filtration. 
J. Filtration and Separation, 11 (May/June 1974), 237. 
111. Willson, L. R., Lekkas, T. D. and Fox, G. T. J. Orthokinetic 
flocculation in deep bed granular water filters. J. AWWA, 72, 
(June 1980), 356. 
112. Wyllie, M. R. J. and Gardner, G. H. F. Generalized K-C equation: 
its application to problems of multiphase flow in porous media. 
Proc. Conf. Theory of flow in porous media, Okla., March, 1959. 
256 
ACKNOWLEDGMENTS 
The author wishes to express his sincere appreciation to Dr. J. L. 
Cleasby for providing encouragement and guidance throughout the course 
of study. Appreciation is also expressed to Dr. Charles Oulman for 
providing insight when special problems arose. 
The author would like to express his gratefulness and gratitude 
to Dr. E. R. Baumann for the research assistantship which made it 
possible to carry out the study. 
Finally, the author would like to thank graduate assistants 
Herman Dharmarajah and Merrill Peterson for assisting in the conduct 
of this study. 
257 
APPENDIX I 
Numerical Examples 
In the chapter entitled Experimental Investigation, fiveimethods 
of applying the filtration equations to the experimental data were 
presented briefly along with the results. The details of each of these 
five methods are presented below along with an illustrative numerical 
example of each method. 
First method; trial and error 
The procedures used in predicting the theoretical filtration curves 
according to this method are explained using Peterson's filtration run #13 
as an example (previously shown in Figure 19). The method of predicting 
both coefficients a, b for this run involves the following steps: 
1. Draw the curve that smoothly joins the experimental data points 
of this run. Ignore both outlier points and the data during initial 
breakthrough. 
Ci 
2. Determine the removal ratios 77- and — at 0 and t, filtration 
Q  ^ 0 ^ 0 ^  
times respectively, -pr" is obtained by extending the lowest portion of 
o 
the C/Cg curve back to time zero. For run #13 these were. 
Ci 
— = 0.01, and 
C 
C, 
f 
= 0.48 at time t^ = 14.5 hr. 
o 
3. Determine the initial value of coefficient a using equation 
40 as follows: 
C 
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where 
X = bed depth = 52 inch. 
•"o 1 
0.01 = 100 
.-.a = = 0.04428 inch ^ 
4. Determine the initial value of coefficient b using equation 
42 as follows: 
b = In 
/C^ /C 
^ / c T - a -  / c f )  
( /^ - 1) 
f t, (42) 
where 
C 
c7 - ^  • ohs -
c~ 
t^ = time to breakthrough = 14.5 hr. 
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= In l^'èôï - (1 + ck) 
- 1 )  fO.48 
T 14,5 
= 0.25371 hr -1 
5. Draw the theoretical breakthrough curve for this run following 
equation 31 for the above values of a, b. If the predicted filtration 
curve does not reasonably fit the experimental curve, introduce incre­
mental changes in a and/or b until final values are obtained. 
The adjustments of a and b is facilitated by remembering that a 
has major influence in the initial stages of the breakthrough curve, 
and b during the latter part of the curve. Increasing a lowers the 
initial levels of C/C^, while increasing b raises the terminal levels of 
C/Cg. With some experience, it is not difficult to find the best values 
of a and b. For this example the final values for a, b were 0.04428 
inch ^ and 0.25491 hr ^ respectively. 
P 
6. The ratio — at any depth, x, and filtration time, t, is 
o 
determined using equation 31 as follows: 
C_ 
C 
e^" + 1 
2e^ + e^t - 1 
(31) 
For example,at the point (x = 52 in, t = 10 hr.) 
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Ç_ 
C 
g(0.25491)10 ^  ^ ^ 
2g0.04428(52) ^  ^C.25491)10 
- 1 
= 0.188 
Second method; filtrate quality data 
Example Saatci's (89) run 31. In the analysis of this run 
using the second method of data analysis the following procedures were 
followed: 
1. Draw the experimental breakthrough curves for each bed depth as 
explained in the first method as shown in Figure 28. 
Q 
2. An arbitrary value of — = 0.21 was selected at which a 
o 
horizontal straight line was drawn. The horizontal line intercepted the 
experimental curves at the points (x = 24.5 cm. t = 26 mint), (x = 
34.5 cm, t = 34 mint), and (x = 49.5 cm, t = 81 mint). The data for 
filters B and C had been rejected by Saatci because the data were incon­
sistent with the shallower depth sometimes providing lower C/C^ than the 
deeper filter. 
3. Determine the slope and intercept of the straight line that 
joins the above three points. For this purpose the linear regression 
analysis technique is used as in Table I-l. 
Table I-l. Regression analysis of Saatci's data for run 31 
X 
cm mïn xt 
2 
X 
Slope 
min/cm 
Intercept 
min r2 
24.5 26 637 600.25 2.2737 -35.323 0.927 
34.5 34 1173 1190.25 
49.5 81 4009.5 2450.25 
108.5 m 5819.5 4240.75 
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y = X 
Zxt - Ex.St 5819.5 -
(141) (108.5) 
Slope = b^ = = 2.2737 min/ cm 
^^2 (Zx)2 4240.75 -
n 
intercept - b = ^ - (2.2737)108.5 . ,35 ^32 
on j 
4. Determine the values of coefficients a, b using equation 45 
as follows: 
+ 1 
m— 
In -In 
2 
0.21  
b = 
— = .0132 min ^ 
Intercept (b^^) -35.23 min. 
a = b. slope (b^) 
= 0.0132 (mint'l). 2.2737 
cm 
-1 
= 0.02997 cm 
5. Use equation 31 and the above values of a, b to draw the 
theoretical breakthrough curves for this run. The calculations of C/C^ 
vs. x, t are given in Table I~2. 
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Table 1-2. Calculated breakthrough curves in Saatci's run 31 
t 
Min 
C/C^ 
x-24.5 cm x-34.5 x-39.7 x-44 cm x-49.5 
10 0.247 0.138 0.102 0.079 0.057 
30 0.285 0.166 0.124 0.097 0.071 
50 0.331 0.201 0.153 0.122 0.091 
70 0.383 0.243 0.189 0.153 0.116 
90 0.441 0.293 0.234 0.192 0.149 
110 0.502 0.351 0.287 0.241 0.190 
Third method: head loss data 
Example Saleh run 10. The procedures involved in verifying the 
filtration model, using the head loss data of the writer's run 10 
previously shown in Figure 9 were as follows: 
1. Insert the piezometer readings for different bed depths and 
filtration times into computer program no. 1, (see Appendix II). The 
computer will then execute a trial and error solution to equation 69. 
o o o 
and prints out the values of 0 vs. x, t. The computer input includes 
also, the value of the clean bed porosity, filter media sieve size 
value of the shape factor S, and the approach velocity V^. The output 
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Includes values of AH(x, t) , (x, t) , a(x, t) , G(x, t) and O (x) 'at 
o 
the selected filtration times, t. 
2. Determine the value of which is the highest value of 0 in 
the top few inches of the filter bed. Select several depths and for 
each depth obtain the ratios of ^  at all the filtration times used in 
Ou 
the step 1 above. The values of ^  vs. t for depths 2.5, 7, 11.5, 16 
°u 
and 20.5 in., were given previously in Table 6. 
3. Draw the curves ^  vs. t for the selected depths. These curves 
were shown previously in Figure 9. 
4. Intersect the above curves with a horizontal line at an arbitrary 
value of ^  . In this example ^  was equal to 0.4. The values of x, t 
"u ^u 
for the points of intersection were (2.5, 2.45), (7, 3.8), (11.5, 4.5), 
(16, 7.4) and (20.5, 9.7). The slope and intercept of the straight line 
which joins the above points were determinea using the linear regression 
analysis and the results are shown in Table 1-3. 
Table 1-3. Regression analysis of Saleh's run 10 
Bed Depth 
X 
Inch 
Time to Reach 
t ' " - "  
X. t 
2 
X 
Slope 
^0 
hr/inch 
Intercept 
hr 
2.5 2.45 6.125 6.25 
7.0 3.85 26.15 49.00 
11.5 4.5 51.75 132.25 0.396 0.3787 
16.0 7.4 118.4 256.00 
20.5 9.70 198.85 420.25 
Z57.5 27.9 402.075 863.75 
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Ext - Ex St 
\ = 
Ex 2 _ (L^ll 
n 
402.075 - (57.5)(27.9) 
5 
863.75 - (57.5)2 
5 
= 0.396 hr (slope) 
b = 
o 
Et - b^Ex 
n 
= 0.396(37.5) = hr/inch (intercept) 
Using equation 44 
/L 
/ÔT4 + 1 
b = In = 0.3738 hr -1 
a = b.b^ » 0.1616 inch ^ 
4. The values of coefficients a and b are subsequently used to 
calculate the theoretical breakthrough curve for a depth of 24 inches 
using equation 31 with the results given in Table 1-4, and plotted 
previously in Figure 9. 
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Table 1-4. Calculated breakthrough curve for Saleh's run 10 
t C 
hr Co 
2 0.001 
6 0.010 
10 0.098 
14 0.443 
18 0.807 
20 0.901 
22 0.951 
26 0.989 
Fourth method; extrapolating the data of other runs 
Example Peterson runs 20, 21, 22, 23, and 24. 
1. The coefficients a, b for were determined using the data in 
run 20 only (previously shown in Figure 22) by the trial and error 
approach discussed in the first method. In this case the initial values 
of a, b = 
"ft 
a = = = 0.051 inch ^ 
* 52.0 inch 
1 
2 
4 
6 
8 
10 
12 
14 
16 
18 
20 
22 
24 
48 
72 
Calculated breakthrough curves for Peterson's runs 20-24 
20 21 22 23 24 
Q = 5.0 gpm/ft^ Q = 5.0 Q = 7.5 Q = 7.5 Q = 10 
C =50 mg/1 C = 25 C =25 0^ = 50 0^ = 25 
a = 0.0684 a = 0.0684 a = 0.0456 a = 0.0456 a = 0.0342 
b = 0.20262 b = 0.10131 b = 0.10131 b = 0.20262 b = 0.10131 
c/c 
o 
C/C 
o 
C/C 
o 
C/C 
o 
C/C 
o 
0.001 0.001 0.010 0.010 0.03 
0.001 0.001 0.012 0.015 0.03 
0.002 0.001 0.013 0.02 0.04 
0.004 0.002 0.016 0.03 0.05 
0.01 0.002 0.020 0.06 0.061 
0.013 0.003 0.026 0.09 0.076 
0.025 0.004 0.034 0.15 
0.044 0.005 0.044 0.23 
0,08 0.007 0.057 0.33 
0.13 0.009 0.073 0.45 
0.22 0.013 0.094 0.56 
0.017 
0.024 
0.45 
0.92 
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Here = 20 hr, 
= 0.005, 
o 
= 0.33 
•b = In 
^  J 0 . 0 0 5  ( /0.33 
^ Jo.33 ~ 
V 20 
= 0.177 hr'l 
However, the final values of a, b, for the best fit of run 20 were 
found by trial and error to be a = 0.0684 inch b = 0.20262 hr 
2. Since the only differences among the variables included in runs 
20-24 were the approach velocity and influent concentration,it was 
possible to estimate the coefficients a, b for runs 21-24 based on their 
values in run 20. The calculations are as follows: 
a) Run 21. 
Vg = 5 gpm/ft , = 25 mg/1 
the approach velocity is the same as in run 20, therefore the value of 
coefficient, a, for this run is the same as in 20. Also, coefficient b 
Q 
for this run is reduced by the ratio — ji.e. the new C of run 20 
o 
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coefficient is = bgg (^) = 0.20262, ^  = 0.10131 hr 
Similarly, the coefficients a, b for runs 22, 23 and 24 were 
calculated and their values were presented previously in Table 12. Also, 
the theoretical breakthrough curves for each run were predicted for a 
depth of 52 inches and values of C/C^ vs. t are presented in Table I~5. 
Fifth method; Extrapolating the data collected for one filter depth 
Example Hegg's Run B-15. The coefficients a and b for this run 
were calculated based on the experimental data of the 5-inch filter as 
shown previously in Figure 25. Since these coefficients should be the 
same for all depths,it is possible to predict the filtration curves at 
other depths using equation 31 by changing the values of bed depth, x. 
Values of a and b have been calculated for each of the 3 bed depths used 
by Hegg and were presented earlier in Table 13. However, only values 
for the 5-inch depth have been used in predicting the breakthrough 
curves for all depths in the following table. 
Table 1-6. Calculated breakthrough curves for Hegg's run B-15 
^ 
t X = 1 in. X = 5 in. x = 9 in. 
0 0.73 0.21 0.06 
1 0.80 0.30 0.10 
2 0.86 0.42 0.17 
3 0.91 0.56 0.28 
4 0.95 0.70 0.43 
5 0.97 0.81 0.60 
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In determining coefficients a, b for the 5-inch depth, the trial 
and error method was used as in the first method. Therefore, the 
initial values were determined as follows: 
a(5 in. bed) = 
In 
1/0.21 
= 0.156 inch -1 
b(5 in. bed) = In 
Ci/G. 
- ( + 1) 
- 1) 
f t. 
b = In 
0.21 -  (  n  Q T  +  1 )  
p z  
y 0.81 -1) 
f 5 
= 0.602 hr -1 
-1 -1 However, values of a = 0.1561 inch , b = 0.6073 hr , determined 
by trial and error, provide better agreement with the experimental data. 
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Verification of Equation 85a 
In order to verify equation 85a, using the data collected in runs 
10 and 11, a mass balance as given in equation 86 was followed. The 
values of and A0^, Aa2 • • • for each run were given in the 
output of the first computer program for the filtration times t^, 
respectively. The amount of solids removed in the entire depth of a unit 
area bed was calculated by subtracting the areas under the influent and 
effluent turbidity curves for the interval of time t^ ^  and t^ using 
the trapezoidal rule. The area entrapped between the two curves was 
then multiplied by the approach velocity V^. The conversion factor 
is thus 
(A02 - Aa^) 
V, <t2 - C],) r(C„ - «2 + (C^ - 0^7 
I ' ] 
AAg 
~ V At AC 
s 
where 
AAo = (A02 - Aa^) inch (Vol/Vol) 
At = (tg - t^) hr 
and 
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= approach velocity inch/hr. 
The dimensions of the conversion constant is therefore 
^ _ Inch.vol/vol 
^ (inch/hr)(hr)(mg/1) 
vol/vol 
mg/1 
2 In both run 10 and 11^ the approach velocity was 10 gpm/ft or 
965.24 inch/hr. The values of AC, At are given in Tables 1-7 and 1-8. 
Also; values Ac.At and EAcAt (in hours turbidity units) were calculated 
for both runs and the results are presented in columns 7 and 8 of each 
table respectively. 
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Table 1-7. Amount of solids removed between sampling intervals for 
Saleh's run no. 10 
1 2 3 4 5 6 7 8 
time t 
(hr) 
At 
(hr) 
Co 
(FTU) 
C 
(FTU) Co-C 
X+1 X 
(6) (2) 2(7) 
z 
1 78 61 17 
1.5 0.5 75 53 22 19.5 9.75 
2.0 0.5 70 52 18 20 10 
2.5 II 58 52 6 12 6 
3.0 II 54 10 44 25 12.5 
3.5 
4.0 
II 
II 
54 
64 
8.2 
5.7 
45.8 
58.3 
44.9 
52.05 
22.45 
26.025 
60.70 
4.5 II 66 6.5 59.5 58.9 29.45 
5.0 II 71 5.5 65.5 62.5 31.25 
5.5 
6.0 
II 
II 
54 
71 
5.3 
5.3 
48.7 
65.7 
57.1 
57.2 
28.55 
28.6 
143.875 
6.5 II 75 5.6 69.4 67.55 33.775 
7.0 II 75 6 69 69.2 34.6 
7.5 II 62 9.5 52.5 60.75 30.375 
8.0 It 75 11 64 58.25 29.125 
8.5 II 62 15 47 55.5 27.75 
9.0 
9.5 
II 
11 
85 
65 
18 
21 
67 
44 
57.0 
55.5 
28.5 
27.75 
184.125 
10.0 II 65 26 39 41.5 20.75 
10.5 II 68 32 36 37.5 18.75 
11.0 II 69 36 33 34.5 17.25 
11.5 II 70 43 27 30.0 15.0 
12.0 II 65 30 35 31.0 15.5 115 
12.5 M 62 30 32 33.5 16.75 
13.5 
13.5 1.0 70 34 36 34.0 34.0 
14.0 0.5 78 27 51 43.5 21.75 
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Table 1-7. continued 
1  2  3  4  5  6  7  8  
time t 
(hr) 
At 
(hr) 
Co 
(FTU)  
C 
(FTU)  Co-C (6).(2) 2(7)  
14 .5  tt  67  34  33  42 .0  21 .0  
15 .0  t l  69  36  33  33 .0  16 .5  110 
15 .5  tt  74  39  35  34 .0  17 .0  
16 .5  1 .0  84  44  40  37 .5  37 .5  
17 .0  0 .5  88  51  37  38 .5  19 .25  73 .75  
18 .5  1 .5  91  59  32  34 .5  51 .75  51 .75  
19 .5  1 .0  59  34  25  28 .5  28 .5  
20 .5  1 .0  44  29  15  20 .0  20 .0  
22 .0  1 .5  39  30  9  12 .0  18 .0  66 .5  
23 .0  1 .0  125 110 15  12 .0  12 .0  
23 .5  0 .5  97  87  10  12 .5  6 .25  
24 .0  tt  82  74  8  9 .0  4 .5  
24 .5  0 .5  71  64  7  7 .5  3 .75  
25 .0  tt  61  52  9  8  4 .0  
25 .5  tt  54  48  6  7 .5  3 .75  
26 .0  ft 57  47  10  8  4 .0  
26 .5  It 50  43  7  8 .5  4 .25  
27 .0  tt  47  43  4  5 .5  2 .75  
27 .5  t l  46  43 3  3 .5  1 .75  
28 .0  t l  
28 .5  1 .0  46  40  6  4 .5  4 .5  
29 .0  0 .5  53  41  12  9  4 .5  
29 .5  t l  46  41  5  8 .5  4 .25  
30 .0  t l  49  43  6  5 .5  2 .75  
30 .5  It 60  49  11  8 .5  4 .25  
31 .0  t l  49  40  9  10 .0  5 .0  
31 .5  It 44  37  7  8  4 .0  
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Table 1-8. Amount of solids removed between sampling intervals for 
Saleh's run no. 11 
1 2 3 4 5 6 7 8 
time t At Co C 
(hr) (hr) (FTU) (FTU) ( 6 ) . ( 2 )  2(7) 
9 
1 37 5.8 31.2 
2 1 38 3.9 34.1 32.65 32.65 
2.5 0.5 -
3 0.5 39 3.7 35.3 34.7 34.7 
3.5 0.5 49 3.7 45.3 40.3 20.15 
4 40 3.5 36.5 40.9 20.45 107.950 
4.5 42 3.7 38.3 37.4 18.7 
5 38 3.6 34.4 36.35 18.175 
5.5 39 4.2 34.8 34.6 17.3 
6 38 4.4 33.6 34.2 17.1 71.275 
6.5 40 5.2 34.8 34.2 17.1 
7 ~ 39 5.3 33.7 34.25 17.125 
7.5 ~ 39 6.2 30.8 32.25 16.125 
8 45 8.3 36.7 33.75 16.875 67.225 
8.5 
-
41 8.6 32.4 34.55 17.275 
9 39 9.75 29.25 30.825 15.4125 
9.5 49 9.8 31.2 30.225 15.1125 
10.25 0.75 38.5 18.5 20.0 25.6 19.2 
11 0.75 40.5 19 21.5 20.75 15.56 
11.5 0.5 41.5 21 20.5 21 10.5 
12 — 42.5 23 19.5 20 10 
12.5 ~ 41 22.5 18.5 19 9.5 112.56 
13 42.5 25 17.5 18 9 
13.5 42.5 28 14.5 16 8 
14 0.5 42 28 14 14.25 7.125 
15 ~ 44 29 15 14.5 7.25 31.375 
15.5 38 24 14 14.5 7.25 
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Table 1-8. continued 
time t At C C |c _c. _lsTc 
CVi-r"» CUTTI^ ('T7TTT> f! -C. Lo. ,, l+l" - , (h ) (hr) (F U) FTU) 0
 
o
 1 o
 
16 0.5 38 25 13 
16.5 II 36 26.5 9.5 
17 tl 36 27.5 8.5 
17.5 ft 36 30 6 
18 tl 39.5 30 9.5 
18.5 II 39.5 32 7.5 
19 II 40 33 7 
19.5 II 40 34 6 
20 II 40.5 34 6.5 
20.5 It 40 35 5 
-C, 
i+1 (6). (2) E(7) 
^ 
13.5 6.75 
11.25 5.625 
9.0 4.5 
7.25 3.625 
7.75 3.875 
8.5 4.25 
7.25 3.625 
6.5 3.25 
27.750 
11.750 
6.5 6.25 
5.75 2.875 9.250 
The increase in the total deposit content inside the whole bed during 
each interval of time was divided by the total amount of solids removed in­
side the entire bed for the same intervals of time to determine the values 
of kp. The results of the mass balance for both runs 10 and 11 are pre­
sented in Tables 1-9 and I-IO respectively. In both runs each turbidity 
unit (FTU) was equivalent to ~ 4.0 mg/1 of solids concentration based on 
average influent turbidity compared with known influent clay concentration. 
The conversion factor, k^, was also obtained using equation 85a as 
follows : 
For run 10: 
bo^ 
S 16aC V 
o s 
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Table 1-9. Saleh' s run 10 mass balance calculations 
A a AAa 
(inch vol/vol) (inch vol/vol) 
AC.At 
(hr. mg/1) Weighting 
Weighted^ 
k^lO?" 
0.2546 0.2546 242.8 0.075 0.8184 
0.3731 0.1185 575.5 0.179 0.3809 
0.4835 0.1104 736.5 0.229 0.3549 
0.5229 0.0394 460.0 0.143 0.1267 
0.5509 0.0280 440.0 0.137 0.0900 
0.5690 0.0180 295.0 0.092 0.0579 
0.5722 0.0032 207 0/064 0.0103 
0.5865 0.0143 266 0.083 0.0450 ^ 
Z = 3222,8 = 1.885X10"^ 
^Weighted = weighting factor'kp - ACAt AAa 
EACA't V ACAt 
s 
• 
3.2146 XIO"^ AAa 
(gACAt^'^F (vol/vol)/(mg/l) 
Table I-IO. Saleh's run 11 mass balance calculations 
AO 
(inch vol/vol) 
AAa 
(inch vol/vol) 
AcAt 
(hr. mg/1) Weighting 
Weighted 
kplO? 
0.4686 0.4686 431.80 0.246 2.7638 
0.5299 0.0610 285.10 0.162 0.3598 
0.5778 0.0479 268.90 0.153 0.2825 
0.6046 0.0268 450.24 0.256 0.1581 
0.6218 0.0172 125.50 0.071 0.1014 
0.6394 0.0176 111.00 0.063 0.1038 
0.6482 0.0088 47.00 0.027 0.0519 
0.6509 0.0027 37.00 0.021 0.0159 
E1756.54 kf = 3.839X10"^ 
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^ ^ 0.2554 hr~^ 0.3106 vol/vol 
^ 0.13076 inch ^(16 X 280 mg/1) (965.24 inch/hr) 
= 1.403 XIO"^ vol/vol 
mg/1 
also, for run 11 
, ^ 0.167 hr ^ 0.3306 vol/vol 
0.0534 inch"^ XI6 X 160 X 965.24 
= 4.184 X 10-7 
mg/1 
In both runs the calculated values of the conversion factor, kp, 
based on equation 85a were very close to the corresponding values of 
kp given in Tables 1-9 and I-IO respectively. This demonstrates the 
validity of equation 85a which could be used independently as a simple 
and quick method of calculating the conversion factors from turbidity 
units or mg/1 concentration to volume of deposit per unit bed volume. 
Evaluation of the Turbidity Linear Transformation Approach 
In order to show the weakness of the turbidity linear transforma­
tion approach, Elissen's run 6 was analyzed using the trial and error 
method, (No. 1). The results of this analysis are presented in Table 
I-ll and the comparison between the experimental and theoretical 
breakthrough curves developed according to the trial and error method 
is shown in Fig. 34. As shown in both Fig. 33 and 34, the linear 
transformation approach was not in as good agreement with the 
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experimental data as the trial and error method. 
As previously mentioned, the reason the linear transformation of 
turbidity data approach was not the best method is due to the 
experimental difficulties as well as the approximate assumptions 
involved. 
Table I-ll. Analysis of Eliassen's run 6 using the trial and error 
approach 
c.  
a 4 b 
ft. 1 
c 
ft. - l  hr r 
c 
hr-1 
o 0 
0.14 0.33 3.960 96 0.999 0.155 
0.39 0.16 2.35 96 0.96 0.052 
0.89 0.12 1.19 tt 0.56 0.024 
1.39 0.09 0.866 It 0.41 0.021 
1.96 0.04 0.821 II 0.33 0.024 
Final Final 
0.9 0.024 
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APPENDIX II 
Computer Programs 
Computer Program No. 1 
Program No. 1 was used to calculate the values of specific deposit, 
o (x.t), the total volume of deposits inside the full depth, AO (t), and 
the mean square root of velocity gradient (x,t). The input data 
include such information as piezometer number, J, and readings, H, 
filtration time at which piezometer readings were recorded, I, clean 
bed porosity, filtration approach velocity, V^, media sieve radius 
and the shape factor, S. The symbols used in this program were 
defined as follows: 
EO =  e  =  0 .445  
o 
VS = V = 0.681 cm/sec 
s 
3 .784  V (1  -  e  
'— 
3.784 V (1  -  E 
S o 
(1.23)(0-2596) 
= 23 .65  V (1  -  G 
s o 
H(I,J) = piezometer readings (t,x) 
DH = AH 
HO = AH 
K 
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DHR(I,J) = ^  (t,x) 
o 
SIG(I,J) = YL (I,J) 
= 0 (t,x) 
0(1,J) = (t,x) 
AREA (I) = AGf (t) 
Computer program No. 1 follows: 
$JOB 'SALEH'TIME = 5, PAGES = 10 
DIMENSION H(9,16),DH(9,15), DHR(9,15),DHP(9,15),SIG(9,15), 
SUM2(9),SUM1(9),AREA(9),G(9,15),H1(9,16) 
J DEPTH CODE 
I TIME CODE 
EO = 0.445 
VS = 0.6804 
B = 23.65*VS*(1-E0)**(l/3.0) 
DO 10 I = 1,9 
READ(5,*)(H1(I,J),J = 1,16) 
10 WRITE(6,11) (H1(I,J),J = 1,16) 
11 FORMATCO',16F6.3) 
DO 301 I = 1,9 
DO 300 J = 1,16 
300 HfI,J) = H1(I,17-J) 
301 WRITE (6,11)(H(I,J),J = 1,16) 
C DHR=DH/HO 
DO 30 I = 1,9 
DO 30 J = 1,15 
DH(I,J) = H(I,J)-H(I,J+1) 
30 DHR(I,J)=DH(I,J)/DH(I,J) 
DO 40 I = 1,9 
40 WRITE(6,41)(DHR(I,J),J - 1,15) 
41 FORMATCO',15(F6.3,2X)) 
42 DO 110 I = 2,9 
DO 110 J = 1,15 
DHR1=DHR(I,J) 
CALL ROOTS (SIGl,E0,DHR]) 
SIG(I,J) = SIGl 
52 G(I,J)=B*(1-EO+SIG(I,J))AA(1/6.0)*(EO-SIG(I,J))**(-1.5) 
WRITE (6,101)I,J,SIG(I,J),G(I,J) 
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101 FORMATCO' ,2(12,2X),F10.5,5X,F10.3) 
110 CONTINUE 
0 SUMMATION OF SIG(I,J) AT CONSTANT I 
Xl=2.5 
X=1.5 
D) 250 1=2,9 
SUM1(I)=SIG(I,1)*X1 
SUM2(I)=0 
DO 200 J=2,15 
200 SUM2(I)=SUM2(I)+SIGCI,J) 
AREA(I)=SUMl(I)+SUM2(I)AX 
250 WRITE(6,A)I,AREA(I) 
STOP 
END 
SUBROUTINE R00TS(SIG1,E0,DHR1) 
FUNC(YL,EO,DHR1)=(1+YL/(1-EO))A*(l/3.0)*(EO/(EO-YL))**2-DHRl 
ITER=ALOG(0.05/1.OE-4)/ALOG(2.0)+l 
YL= -0.001 
1 IF(FUNC(YL,EO,DHR1)*FUNC(YL+0.05,EO,DHR1).LT.O.O)GO TO 3 
YL=YL+0.05 
GO TO 1 
3 YR=YL+0.05 
FYL=FUNC(YL,EO,DHRl) 
DO 6 K=1,ITER 
YHALF=(YL+YR)/2.0 
FYHALF=FUNC(YHALF,EO,DHRl) 
IF(FYHALFAFYL.LE,0,0)GO TO 5 
YL=YHALF 
FYL=FYHALF 
GO TO 6 
5 YR=YHALF 
6 CONTINUE 
7 SIGl=(YL+YR)/2.0 
RETURN 
END 
$ENTRY 
Computer Program No. 2 
Q 
The second computer program was used in calculating values of ^  
(x,t), ^  (x,t), (x,t) and G^ (x,t). Also, the computer plots 
the graphs ^  (x,t), ^  (x.t), (x,t) and G (x,t) for bed depths, 
o u o 
X = 2, 5, 10, 15, 20, 25 inch, and filtration time 0, 1, 2, 20 hr. 
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In order to run this program,such information as the values of 
(cm/sec), e^, 84^^ (cm), the slope and intercept of the turbidity 
data linear transformation relationship in hr/inch and inch respectively, 
c 
value of breakthrough level ^  for which the linear transformation was 
o 
developed, and the ultimate deposit value, 
The program includes the following operations: 
PHIS = S (fig 
XINT = intercept (hr) 
SLOPE = slope (hr/inch) 
SIGMAU = a 
so 
B = b(hr ) = { In = }/i ntercept 
A = a (inch ^) = B. slope 
B1 = 
4.73 Vg(l - E^) 1/3 
S(|) 
so 
S(I) = e' ax 
P(J) = e bt 
COC(I,J) = ^  (x,t) 
e^" + 1 
2e*x + e^t - 1 
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SOEO(I,J) = — (x,t) 
- 1 
26*% + ebt - 1 
SIG(I,J) = a (x,t) 
= a SOEO 
u 
u 
Au 
DHR(I,J) = ^ (x,t) 
1 + a(x.t) (1 - e^) 
1/3 
Eg - G(x,t) 
G(I,J) = G (x,t) 
w 
= B1 
[l - e + a(x,t)] 
K - cXx.t)] 
Computer program no. 2 follows: 
$JOB 'SALEH',TIME=5, PAGES=10 
DIMENSION COC(10,20),SOEO(10,20),SIG(10,20),DHR(10,20),G(10,20),T1 
+(20),T(20),X1(10),X(10),C0C1(19),COC2(19),COC3(19),C0C4(19),C0C5(1 
+9),COC6(19),COC7(I9),S0E1(19),S0E2(19),SOE3(19),S0E4(19),S0E5(19), 
+SOE6(19),SOE7(19),DHR1(19),DHR2(19),DHR2(19),DHR4(19),DHR5(19),DHR 
+6(19),DHR7(19),G1(19),G2(19),G3(19),G4(19),G5(19),G6(19),G7(19),P( 
+20),S(10) 
E0=0.445 
VS=0.6764 
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PHIS=0.2 
XINT=33.6 
SIGMAU=0.3301 
SL0PE=10.5 
C=2.5 
B=AL0G((S0RT(C)+l)/2.0)/XINT 
A=B*SLOPE 
Bl=4.73AVS*((1-EO)**(1/3.0))/(PHIS) 
READ(5,*)(X1(I),I=1,7) 
READ(5,*)(T](J(,J=1,19) 
WRITE(6,11)(XI(I),1=1,7) 
11 FORMATCO',7(F5.2,5X)) 
WRITE(6,16)(T1(J),J=1,19) 
16 FORMATCO',19(F4.1,2X)) 
DO 30 1=1,7 
30 X(I)=2.54*X1(I) 
DO 40 J=l,19 
40 T(J)=60*T1(J) 
DO 50 1=1,7 
DO 50 J=l,19 
S(I)=EXP(A*X(I)) 
P(J)=EXP(B*T(J)) 
C0C(I,J)=((P(J)+1)/(2*S(I)+P(J)-1))*A2 
S0E0(I,J)=((P(J)-1)/(2*S(I)+P(J)-1))AA2 
SIG(I,J)=SIGMAU*SOEO(I,J) 
DHR(I,J)=(l+SIG(I,J)/(l-EO))AA(i/3.0)A(EO/(EO-SIG(I,J)))A*2 
G(I,J)=B1*(1-EO+SIG(I,J))*A(1/6.0)*(EO-SIG(I,J))AA(-1.5) 
50 WRITE (6,51)C0C(I,J),S0E0(I,J),DHR(I,J),G(I,J),X1(I),T1(J) 
51 FORMAT(2(F8,4,3X),2(F15.3,3X),2(F5.2,3XO 
DO 60 J=l,19 
C0C1(J)=C0C(1,J) 
S0E1(J)=S0E0(1,J) 
DHR1(J)=DHR(1,J) 
60 G1(J)=G(1,J) 
DO 70 J=l,19 
C0C2(J)=C0C(2,J) 
S0E2(J)=S0E0(2,J) 
DHR2(J)=DHR(2,J) 
70 G2(J)=G(2,J) 
DO 80 J=l,19 
C003(J)=C0C(3,J) 
S0E3(J)=S0E0(3,J) 
DHR3(J)=DHR(3,J) 
80 G3(J)=G(3,J) 
DO 90 J=l,19 
C0C4(J)=C0C(4,J) 
S0E4(J)=S0E0(4,J) 
DHR4(J)=DHR(4,J) 
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90 G4(J)=G(4,J) 
DO 100 J=l,19) 
COC5(J)=COC(5,J) 
S0E5(J)=S0E0(5,J) 
DHR5(J)+DHR(5,J) 
100 G5(J)=G(5,J) 
DO 110 J=l,19 
COC6(J)=COC(6,J) 
S0E6(J)=S0E0(6,J) 
DHR6(J)=DHR(6,J) 
110 G6(J)=G(6,J) 
DO 120 J=l,19 
C0C7(J)=C0C(7,J) 
SOE7(J)=SOEO(7,J) 
DHP7(J)=DHRC7,J) 
120 G7(J)=G(7,J) 
CALL GRAPH(19,T],0001,11,7,12.0,9.0,0.0,0.0,0.0,0.0,'TIME;','C/C 
CONC VS TIME;','SUBROUTINE GRAPH;') 
CALL GRAPHS(19,Tl,0002,11,7»'DEPTH=2 ;') 
CALL GRAPHS(19,T1,C0C3,11,7,'DEPTH=5 ;') 
CALL GRAPHS(19,T1,0004,11,7,'DEPTH=10;') 
CALL GRAPHS(19,T1,0005,11,7,•DEPTH=15;') 
CALL GRAPHS(19,Tl,0006,11,7,'DEPTH=20;') 
CALL GRAPHS(19,T1,0007,11,7,'DEPTH=25;') 
CALL GRAPH(19.T1,SOE1,11,7,12.0,0.9,0.0,0.0,0.0,0.0,'TIME;','SIC/ 
+E);','CONC VS TIME;' 'SUBROUTINE GRAPH;') 
CALL GRAPHS(19,T1,S0E2,11,7,'DEPTH-2 ;') 
CALL GRAPHS(19,T],S0E3,11,7,'DEPTH-5 ;') 
CALL GRAPHS(19,T1,S0E4,11,7,'DEPTH-10;') 
CALL GRAPHS(19,Tl,S0E5,11,7,'DEPTH-15;') 
CALL GRAPHS(19,T1,S0E6,11,7,'DEPTH-20;') 
CALL GRAPHS(19,T1,S0E7,11,7,'DEPTH-25;') 
CALL GRAPH(19,T1,DHR1,11,7,12.0,0.9.0,0.0,0.0,0.0,0.0,'TIME;','DH/DH 
+;',' HEADLOSS VS TIME;','SUBROUTINE GRAPH;') 
CALL GRAPHS(19,T1,DHR2,11,7,'DEPTH=2 ;') 
CALL GRAPHS(19,Tl,DHR3,11,7,'DEPTH=5 ;') 
CALL GRAPHS(19,T1,DHR4,11,7,'DEPTH=10;') 
CALL GRAPHS(19,T1,DHR5,11,7,'DEPTH=15;') 
CALL GRAPHS(19,T1,DHR6,11,7,'DEPTH=20;') 
CALL GRAPHS(19,T1,DHR7,11,7,'DEPTH=25;') 
CALL GRAPH(19,T1,G1 ,11,7,12.0,9.0,0.0,0.0,0.0,0.0,'TIME;','G 
+;','G VS TIME;','SUBROUTINE GRAPH;') 
CALL GRAPHS(19,Tl, G2,ll,7,'DEPTH=2 ;') 
CALL GRAPHS(19,Tl, G3,ll,7,'DEPTH=5 ;') 
CALL GRAPHS(19,Tl, G4,ll,7,'DEPTH=10;') 
CALL GRAPHS(19,Tl, G5,11,7,'DEPTH=15;') 
CALL GRAPHS(19,T], G6,ll,7,'DEPTH=20;') 
CALL GRAPHS(19,Tl, G7,ll,7,'DEPTH=25;') 
STOP 
END 
$ENTRY 
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Computer Program No. 3 
The third computer program was designed to study the effect the 
attachment coefficient, k^, on the breakthrough curve for a given flow 
rate, V^, bed depths, x and ultimate specific deposit The depths 
2 
used were 0, 10, 20, 30, 40 and 50 cm, flow rate = 10 gpm/ft = 
2449.3 cm/hr and = 0.3301, as given in run #10. The program was 
executed for values of k^= 1200, 1300 2000 and the corresponding 
graphs of ^  (x,t) were drawn by the computer. 
o 
In this program the following abbreviations were used: 
8k C t 
A = e ° ° 
Vu 
2V ^ 
B = e ® 
C(I,J) = •§- (x.t) 
A + 1 
_2B + A - 1 
Computer program no. 3 follows: 
$JOB SALEH,TIME=5,PAGES=60 
DIMENSION C0(50),01(50),C2(50),03(50),03(50),C5(50),C6(50),C0(50) 
+,C01(50),IT1(50),XKO(10),0(50,10),C7(50),C8(50),C9(50),0.10(50) ,IT2 
+(50),IT3(50),IT4(50),IT5(50),IT6(50),IT?(50),IT8(50),IT9(50),ITIO( 
+50) 
C IT=TIME 
C IX=LENGTH 
C SIG=SIGMAU 
C C0,C1,C2,C3,C4,C5,ARE CONCENTRATION RATIOS AT 0,10,20,30,40,50CM 
+DEPTHS 
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SIG=0.3301 
VS=2449.3 
READ (5, *) (COl (J), J=1,33) 
WRITE(6,300)(C)1(J),J=1,33) 
300 FORMATCO',F6.3) 
DO 6 J=l,33 
6 CO(J)=C01(J)*1.0E-4 
DO 200 K=l,6 
IX=10A(K-1) 
WRITE (6,10)IX 
10 FORMATCO',15X,'X=',12) 
DO 50 1=1,33 
IT1(I)=I-1 
DO 50 J=l,10 
XKO(J)=(10+J)*100 
A=EXP(8*XK0(J)*C0(I)*IT1(I)) 
B=EXP(XKO(J)ASIG*IX/(2*VS)) 
50 C(I,J)=((A+1)/(2*B+A-1))**2 
DO 52 1=1,33 
52 WRITE(6,53)(C(I,J),J=1,10) 
53 FORMATCO',10(F5.3,5X)) 
DO 60 1=1,33 
IT1(I)=I-1 
60 C1(I)=C(I,1) 
DO 70 1=1,33 
IT2(I)=I-1 
70 C2(I)=0(I,2) 
DO 80 1=1,33 
IT3(I)=I-1 
80 C3(I)=C(I,3) 
DO 90 1=1,33 
IT4(I)=I-1 
90 C4(I)=C(I,4) 
DO 100 1=1,33 
IT5(I)=I-I 
100 C5(I)=C(I,5) 
DO 110 1=1,33 
IT6(I)=I-1 
110 C6(I)=C(I,6) 
DO 120 1=1,33 
IT7(I)=I-1 
120 07(I)=C(I,7) 
DO 130 1=1,33 
IT8(I)=I-1 
130 C8(I)=C(I,8) 
DO 140 1=1,33 
IT9(I)=I-1 
140 C9(I)=C(I,9) 
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DO 150 1=1,33 
IT10(I)=I-1 
150 C10(I)=C(I,10) 
WRITE(6,160)(ITl(I),1=1,33) 
160 FORMAT(2X,33(12, IX)) 
C PLOTTING GRAPHS 
CALL GRAPH (33,ITl,01,11,7,12.0,9.0,0.0,0.0,0.0,0.0,'TIME;','C/CO; 
+','C0NC VS TIME;','SUBROUTINE GRAPH;') 
CALL GRAPHS(33.IT2,G ,11,7,'K=1200;') 
CALL GRAPHS(33,IT3,C3,11,7,'K=1300;') 
CALL GRAPHS(33,IT4,C4,11,7,'K=1400;') 
CALL GRAPHS(33,IT5,C5,11,7,'K=1500;') 
CALL GRAPHS(33,IT6,C6,1],7,'K=1600;') 
CALL GRAPHS(33,IT7,C7,11,7,'K-1700;') 
CALL GRAPHS(33,IT8,C8,11,7,'K-1800;') 
CALL GRAPHS(33,IT9,C9,11,7,'K-1900;') 
CALL GRAPHS(33,IT10,010,11,7,'K=2000;') 
200 CONTINUE 
STOP 
END 
$ENTRY 
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APPENDIX III: THE PROBLEM OF PARTICLES IN THE DISTILLED WATER 
In order to test the validity of the flocculation models developed 
herein, it was necessary to conduct filtration experiments by preparing 
known suspensions in a distrilled water with no particles in size range 
below 2 ym. Unfortunately, the distilled water supply of the Town 
Engineering Building at Iowa State University did not meet this criterion 
and was quite variable in its particle concentration. The following 
data are presented to illustrate that problem and the attempts to resolve 
it using cartridge filtration of the distilled water. 
The distilled water showed a rather high particle count in the 
smallest size range, 1 to 2 ym. The amount of submicron particles for 
this water could not be counted using the HIAC particle analyzer due to 
the instrument's lower size limitation of 1 ym. However, these numbers 
were speculated to be even higher than in the one ym range. Therefore, 
in an attempt to eliminate their presence, which might be confused with 
the minusil particles which were added to the water during the filtration 
studies the distilled water was filtered through a single shell cartridge 
filter model no. BRXIO 3/4SD manufactured by Fulflo Filter, Division of 
Carborundum. The results of particle counting of the filtered distilled 
water are shown in Table III-l. A sample of unfiltered distilled water 
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collected from Room 177 in the same building at the same time was 
counted for comparison purposes. 
As shown in Table III-l, the cartridge filter was partially effec­
tive in removal of 1-2 ym particles after a period of 20 to 30 minutes 
of continuous filtration. The deterioration in filtrate quality during 
the first 30 minutes was probably due to a release of some of the 
filter fibers which were counted and added to the count of the distilled 
water particles. However, it didn't take long before the filtrate 
particle count became nearly the same as that of the distilled water. 
The failure of the cartridge filter to remove all the 1-2 ym particles 
was one of the obstacles to experimentally verifying the mathematical 
model of bed contact flocculation. 
Table III-l. Result of distilled water filtration through the cartridge filter 
Filtration Average number of particles in each channel/30 ml sample 
ixiue 
(Minutes) 1 2 3 4 5 6 7 8 9 10 11 12 
5 1622 1320 401 206 301 57 62 83 46 22 18 11 
20 421 406 147 94 58 37 59 68 33 19 12 9 
35 172 154 48 38 15 15 15 13 8 3 6 5 
50 533 798 496 416 242 124 113 65 64 68 105 71 
65 636 520 197 142 89 49 68 40 22 22 23 13 
80 575 515 198 153 91 58 63 36 20 8 6 3 
Dist. water 
counting 
(from room 
177) 
832 539 148 72 33 9 11 11 9 4 6 9 
Channel 
Size Range 
Um 
1-2 2-3 3-4 4-5 5-6 6-7 7-9 9-13 13-17 17-20 20-25 25-60 
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APPENDIX IV: INVESTIGATION OF THE SHADOWING PROBLEM 
Shadowing was one of the problems encountered with the HIAC 
particle analyzer. Since the instrument operates according to a light 
blockage technique, a cluster of small particles flowing through the 
HIAC channel might be counted as one large particle. Also, a larger 
particle may shield one or more smaller particles as they pass through 
the instrument. Therefore, dilution of the sample was necessary to 
prevent or reduce both shadowing and clustering problems. 
The instrument manufacturer recommended a total particle count of 
not more than 20000 particles per ml as the total of all 12 channels to 
minimize these problems. However, even within this limit, the problem 
was present and detected in parallel observation using the transmission 
electron microscope. Therefore, it was decided to try to evaluate the 
maximum concentration of minusil which would minimize these counting 
problems. 
To determine the concentration at which shadowing ceases to exist, 
several samples of suspension at different levels of dilution were pre­
pared. In the first series of dilution, an original sample of 50 mg/1 was 
diluted with distilled water in the following ratios of ml distilled water/ 
ml suspension; 0.250, 50/200, 100/150, 150/100, 200/50 and 250/0. 
The procedures used in preparation of the original suspension and the 
rest of the diluted samples were as follows: 
293 
1. Soak all the glassware and sample bottles in a chromic acid 
bath and wash with distilled water. 
2. Prepare a 4.0 liter stock of dilution distilled water in a 
4.0 liter beaker. 
3. Pipette 0, 50, 100, 150, 200 and 250 milliliters of dilution 
distilled water and transfer each to 300 ml glass sampling bottles. 
Cover the mouths of all sampling bottles with Saran Wrap and then screw 
on the lids. 
4. Add 75.0 mg of dry minusil to 1500 milliliters of dilution 
water in a two liter beaker. 
5. Mix the suspension for two minutes using the particle dispersion 
unit at 6000 rpm speed. 
6. Pipette 250, 200, 150, 100, 50 and 0 milliliters of suspension 
and transfer each to the sampling bottles prepared in Step 3 using the 
same order. 
7. Run all the samples through the HIAC analyzer for particle count. 
For each sample, four replicates of 30 milliliters each were counted. 
The results of particle counting are presented in Table IV-1, and 
the calculated number of particles in each channel of the HIAC are given 
in Table IV-2. The method of calculating particle numbers in each 
channel was as follows: 
[(D + S)N, - D N„] 
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where 
D = ml of distilled water 
S = ml of suspension (the 50 mg/1 sample) 
Njj = number of particles in any channel present in distilled water 
= number of particles in any channel present in diluted sample 
= number of particles in any channel present in suspension before 
dilution. 
In the above series of dilution samples, solid concentrations were 
50, 40, 30, 20, 10 and 0 mg/1. To fully cover the range of suspension 
concentration between 0 and 10 mg/1, another set of samples, 0, 0.1, 0.2, 
0.5, 1, 2, 3, 4 and 5 mg/1, was prepared. The original suspension was 
5.0 mg/1 and was diluted according to the following ratios of ml distilled 
water/ml suspension: 250/0, 245/5, 240/10, 225/25, 50/200, 100/150, 
150/100, 200/50 and 250/0. 
The procedures used in the preparation and calculation of particle 
count in each channel were the same as before except in the preparation 
of the original suspension. The 5.0 mg/1 suspension was prepared by 
mixing 100 ml of the 50 mg/1 suspension prepared previously into 900 ml 
of the dilution water. The mixing time was 1.0 minute at a speed of 
4000 rpm. The results of the particle count for these series of dilutions 
are presented in Tables IV-3 and IV-4. 
The results of particle count of diluted samples indicate the general 
trend of particle number increase with regard to the extent of dilution. 
The most diluted samples exhibited the least degree of shadowing. The 
Table IV-1. Results of suspension dilution particle count (1.0 mg/l) 
Dilution Average Number of Particles Per Channel No./30 ml 
Ratio 
,ml dist. w.a 
^ml suspn. •'1234567 8 9 10 11 12 
0/250 1 ,400 5 ,800 6 ,400 7 ,000 6 ,900 6 ,700 17 ,900 44 ,800 69 ,500 63 ,100 79 ,300 51 ,800 
50/200 1 ,200 5 ,100 6 ,100 7 ,000 6 ,500 6 ,600 17 ,200 43 ,000 64 ,500 52 ,800 61 ,100 42 ,800 
100/150 1 ,800 8 ,400 8 ,100 8 ,900 8 ,900 8 ,900 23 ,700 60 ,100 88 ,200 65 ,700 60 ,800 27 ,500 
150,100 2 ,600 12 ,200 10 ,100 11 ,900 12 ,300 12 ,200 33 ,000 85 ,600 103 ,400 49 ,400 29 ,800 7 ,400 
200/50 4 ,500 20 ,700 16 ,100 19 ,300 20 ,100 20 ,100 53 ,600 122 ,200 100 ,900 31 ,000 12 ,000 1 ,600 
250/0 3 ,600 3 ,000 800 400 200 85 94 62 19 5 4 4 
^Starting suspension 50 mg/l minusil. 
Table IV-2. Results of sample dilution particle count (1.0 mg/l) 
Dilution Calculated Values of Particle Count for Each Channel No./30 
Ratio 
,ml dist. w. 
W  s u s p n .  ' ' 1 2 3 4 5 6 7  8  9  1 0  1 1  1 2  
0/250 1 ,400 5 ,800 6 ,400 7 ,000 6 ,900 6 ,700 17 ,900 44 ,800 69 ,500 63 ,100 79 .300 51 ,800 
50/200 600 5 ,600 7 ,400 8 ,600 8 ,000 8 ,300 21 ,500 53 ,700 80 ,600 66 ,000 76 ,300 53 ,500 
100/150 700 11 ,900 12 ,900 14 ,600 14 ,700 14 ,700 39 ,400 100 ,200 146 ,900 109 ,500 101 ,300 45 ,900 
150/100 1 ,200 26 ,100 24 ,000 29 ,200 30 ,600 30 ,400 82 ,400 214 ,000 258 ,400 123 ,500 74 ,500 18 ,400 
200/50 7 ,800 91 ,300 77 ,600 94 ,900 99 ,600 99 ,700 267 ,500 610 ,900 504 ,200 154 ,800 60 ,000 7 ,800 
^Bases of calculations are: If D = ml of dist. water, S = ml of suspension; and = # of 
particles in any channel present in the dist. water; Ni = // of particles in the same channel present 
in the diluted sample; Ng = // of particles in the same channel present in the suspension before 
dilution; = (D.N^ + S.Ng)/(D + S), or 
[(D + S)N^ - DNjj] 
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results of particle count of the 0.1, 0.2 mg/1 concentration,samples 
were reasonably similar to each other and quite different from the 
results of the other samples. Therefore, it was concluded that the 
optimum recommended concentration at which the degree of shadowing is 
acceptable is 0.1 to 0.2 mg/1. 
To substantiate these conclusions, the data of particle count for 
all the second series of samples were converted to mass of solids per 
250 ml. To do this calculation, all the particles were considered 
perfect spheres with diameters equivalent to the average of the upper 
and lower particle size range in each channel of the HIAC. Also, the 
specific gravity of minusil particles was considered 2.65, as given by 
the manufacturer. The total mass of solids calculated for each dilution 
was compared with the actual value which was 0.150 mg. The results of 
this mass balance are presented in Table IV-3. 
Because particles were assumed to be perfect spheres which is not 
really true, the calculated total solids mass per each dilution should 
be higher than the actual value of 0.150 mg. However, the total solids 
calculated for the 3, 4 and 5 mg/1 samples was lower than 0.150 mg 
because of the shadowing problem. The high values of mass of solids in 
the 0.1 and 0.2 mg/1 samples is basically due to the aforementioned 
assumption of particle sphericity. Based on both the counting data and 
the mass data, it is concluded that the 0.1 and 0.2 mg/1 samples gave 
the best counting results. 
The results of this study show that the manufacturers limit of 
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20000 particles per ml does not necessarily ensure that shadowing 
problems do not exist. In fact, with both minusil and kaolinite clay, 
substantial undercounting in the small channels was observed even 
though the total count was within the 20000 per ml limit. 
Table IV-3. Results of suspension dilution particle count (0.1 mg/l) 
Dilution Average Number of Particles Per Channel No./30 ml 
Ratio 
D ml DW 
S ml SS 1 2 3 4 5 6 7 8 9 10 11 12 
250/0 900 800 300 200 100 60 80 40 9 1 1 1 
245/5 15 ,800 15 ,100 5 ,600 3 ,600 1 ,900 1 ,000 1 ,200 700 200 60 30 7 
240/10 28 ,600 26 ,500 9 ,700 6 ,200 3 ,300 1 ,800 2 ,100 1 ,200 300 60 30 10 
225/25 40 ,800 40 ,500 16 ,500 11 ,100 6 ,000 3 ,200 3 ,700 2 ,000 400 100 40 10 
200/50 63 ,800 68 ,700 32 ,000 23 ,500 13 ,300 7 ,400 8 ,500 4 ,400 900 200 70 30 
150/100 84 ,200 98 ,500 49 ,000 37 ,900 22 ,900 13 ,200 16 ,100 9 ,400 2,300 500 200 50 
100/150 92 ,500 116 ,900 62 ,900 51 ,600 31 ,700 18 ,600 22 ,800 12 ,200 2,500 400 200 40 
50/200 94 ,000 125 ,800 72 ,400 64 ,400 39 ,500 23 ,200 27 ,400 13 ,400 2,300 400 100 60 
0/250 89 ,200 132 .200 78 ,100 71 ,900 49 ,200 30 ,500 38 ,800 20 ,900 3,900 700 200 40 
SS = Stock suspension containing 5 mg/l minusil. 
DW = Distilled water. 
S = ml of suspension (5 mg/l) 
D = ml of distilled water. 
Table IV-4. Calculated number of particles for each dilution (0.1 mg/1) 
Dilution Average Number of Particles Per Channel No./30 ml (N 
Ratio 
?  =  1  2  3  4  5 6 7 8 9  1 0  1 1  1 2  
250/0 
Dist. Wat. 
245/5 
0.1 mg/1 
774 
900 
,000 715 
800 
,270 262 
300 
,300 170 
200 
.200 88 
100 
,000 50 
60 
,600 54 
80 
,800 34 
40 
,200 
10 
10,500 2 
2 1 
,80Q 1,400 
2 
300 
240/10 
0.2 mg/1 
691 ,800 642 ,400 233 ,800 150 ,000 78 ,500 44 ,600 52 ,500 28 ,100 6,800 1 ,500 700 300 
225/25 
0.5 mg/1 
399 ,700 397 ,800 162 ,500 109 ,100 59 ,100 31 ,900 36 ,000 19 ,300 4,300 1 ,100 400 100 
200/50 
1 mg/1 
315 ,100 340 ,000 158 ,300 116 ,400 66 ,100 36 ,800 42 ,400 21 ,600 4,300 800 300 100 
150/100 
2 mg/1 
209 ,200 245 ,000 122 ,100 94 ,400 56 ,900 32 ,800 40 ,000 23 ,500 5,600 1 ,300 600 100 
100/150 
3 mg/1 
153 ,200 194 ,100 104 ,500 85 ,800 52 ,700 30 ,900 4 ,200 20 ,400 4,200 700 300 70 
50/200 
4 mg/1 
117 ,300 157 ,100 90 ,500 78 ,000 49 ,400 29 ,000 34 ,300 16 ,700 2,800 500 200 70 
0/250 89 ,200 132 ,200 78 ,100 71 ,900 49 ,200 30 ,400 38 ,800 20 ,900 3,900 700 200 40 
a (D + S)NL - DNp 
= = calculated particle count per channel in 30 ml before dilution. 
Table IV-5. Mass balance calculations for the diluted samples 
Average Volume of Total Weight of Particles Per Channel for the Following 
Size Particle Average Dilutions in mg/1 x 10 
Channel 
V 
Range 
ym 
Size in 
Channel m 
Particle 
in (pm)3 0.1 0.2 0.5 1.0 2.0 3.0 4.0 5.0 
1 1-2 1-5 1.8 3.48 3.24 1.87 1.48 0.98 0.72 0.55 0.42 
2 2-3 2-5 8.2 15.51 13.93 8.62 7.37 5.31 4.21 3.41 2.87 
3 3-4 3,5 22.4 15,60 13,91 9.67 9.42 7.26 6.22 5.38 4.65 
4 4-5 4.5 48.0 21.52 18.97 13.79 14.72 11.94 10.85 9.86 9.09 
5 5-6 5.5 87.0 20.31 18.12 13.64 15.26 13.14 12.17 11.40 11.36 
6 6-7 6.5 144.0 19.28 16.99 12.16 14.02 12.50 11.77 11.05 11.58 
7 7-9 8 268.0 38.93 37.30 25.58 30.12 28.42 26.92 24.37 27.56 
8 9-13 11 697.0 63.16 51.90 35.64 39.89 43.40 37.68 30.84 38.60 
9 13-17 15 1,767.0 49.17 31.84 20.14 20.18 26.32 19.57 13.30 18.26 
10 17-20 18.5 3,315.0 24.62 13.53 9.22 7.29 16.98 6.55 3.98 5.80 
11 20.25 22.5 5,964.0 21.75 10.49 5.99 5.37 8.87 4.60 2.59 3.37 
12 25-60 33.75 20,129.0 14.78 14.78 5.17 6.51 6.29 3.68 3.89 2.19 
Total Weight in mg 0.308 0.245 0.162 0.172 0.175 0.145 0.121 0.136 
Actual weight in all channels is 0.150 mg. 
Weight of partides/channel = 2.65 gm/cm^ x no. of particles in the channel x vol. of average 
particle x 10~^^. 
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APPENDIX V 
Particle Separation Study 
Among the problems encountered using the minusil.was the presence 
of particles which were either too small or too large. The small 
particles, less than one micron, were not detectable by the HIAC 
particle analyser, and the large particles were often responsible for 
clogging the HIAC's aperture. In order to successfully deal with the 
minusil, removal of those undesirable particles was necessary. 
Two different upflow separation columns were proposed to solve 
this problem. In both columns, particles were separated according to the 
difference between their downward settling velocity and the upward flow 
velocity in the column. The suspension concentration inside each column 
was kept below the level past which hindered settling occurred; otherwise, 
large particles surrounded by small ones might get carried away. Also, 
it was necessary to maintain medium stability by continuously feeding a 
solution of a sequestering agent (or a dispersant) In order to avoid 
particle agglomerations during the process of separation. 
The following section includes a description of each column as 
well as the problems encountered of each. Also, a schematic drawing of 
the first and second particle separation systems are shown in Figures 
V-1 and V-2 respectively. 
Description of the first elutriation column 
The elutriator consisted of three glass tubes of different diameters 
arranged vertically. The lower tube had a diameter of 1.5 inches, the 
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middle tube, 3 inches, and the upper tube, 6 inches. Distilled water 
flowed from a constant head tank into the bottom of the lower tube and up 
through the three tubes in series to where it was discharged from the 
top of the upper tube. The flow rate was controlled by a valve located 
between the constant head tank and the bottom tube. 
The elutriator operated on the basis of Stoke's law of sedimenta­
tion of spherical particles: 
2(G - GOgr^ 
^p " 9V 
where 
Vp = settling velocity of particle (LT 
= specific gravity of particle (dimensionless) 
G^ = specific gravity of liquid (dimensionless) 
g = gravitational constant (LT 
r = radius of particle (L) 
V = kinematic viscosity (L^T . 
The settling velocity of a 1.0 micron minusil particle was 
calculated as follows: 
r = 0.5 ym 
G = 2.65 
s 
G^ = 1.00 
V = 1.059 X 10 ^ ft^/sec at 70° F 
2 g = 980.5 cm/sec 
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y ^ 2(2.65 - 1.00)980 cm/sec^(0.5 x 10"'^)^cm^ 
1.05 X 10"^ ft^/sec X (30.54)9 
ft 
= 0.92 X 10 ^ cm/sec. 
In order to separate the 1.0 micron particles inside the middle 
tube, a flow rate equal to or slightly higher than (0.063 ml/min) had 
to be maintained. 
Before each elutriation run, the particle dispersion unit was 
used to mix 100 to 125 grams of dry minusil with distilled water for 
two minutes at a speed of 6,000 rpm. The mixed minusil was immediately 
transferred to the lowest tube where the liquid velocity is greatest, 
since it has the smallest diameter. All particles which have a settling 
velocity less than the liquid velocity will flow upward to the next 
larger tube. The particles which have a settling velocity greater than 
the fluid velocity will remain in the tube. Because the succeeding 
tubes have increasingly larger diameters, the fluid velocity becomes pro­
portionately smaller. Thus, the smaller particles are theoretically 
washed higher and higher in the column until their settling velocity is 
greater than the fluid velocity. Only the particles which have a 
settling velocity less than the fluid velocity in the outlet will escape 
from all the tubes. 
As soon as the minusil suspension was placed inside the lowest 
tube, the flow of distilled water was started. The flow of suspension 
began to move from the lower tube to the upper tubes until the whole 
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Figure V-1. Water elutriator used for elutriating powdered quartz 
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column was completely filled and was running under a constant head. 
The flow was then adjusted by turning the rate control valve until 
the desired flow was reached. The feed rate of sodium hexa-meta 
phosphate was adjusted by changing the elevation of the dispersant 
container. The feed rate used during all the runs was around 0.1 mg/1. 
Once the flow had stabilized, the elutriator was left to run 
continuously. The apparatus was watched very closely to prevent any 
flow fluctuations or total blockages due to minusil accumulation inside 
the lower portion of each tube. 
The results of particle separation were totally unsuccessful. 
The cause of failure was partially due to the nature of minusil and 
partially due to the design of the elutriator itself. In the following 
paragraphs, some of the problems are briefly discussed. 
First, the elutriated minusil settled rather quickly to the bottom 
of the container, regardless of the energy exerted by the stirring device. 
The settled minusil formed a stiff layer which was hard to break or re-
disperse later on. For this reason, storage of elutriated minusil was 
rather difficult. Second, neither separation of submicron particles nor 
reproduction of the particle size results were achieved within a reason­
able elutriation time. Because of the high demand for fresh elutriated 
rainûsil (500 gm of minusil required for one full load of suspension tank 
every 6.0 hours during a filter run.) The production of this small 
separation column was not sufficient. Third, the minusil sticks badly 
to the surfaces of glassware and the HIAC crannels causing serxous con­
tamination problems. 
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Some difficulty was experienced in maintaining constant flow rate. 
These problems could have been corrected but the use of the device was 
discontinued due to its inadequate production capability. In order to 
solve the production problem,a second elutriator was designed as 
discussed below. 
Second elutriation column 
The elutriation column was a 5.50' I.D. plexiglass column six 
feet tall. Tap water was used due to high demand for distilled water 
for other purposes. The tap water pressure and flow were kept constant 
using a pressure regulator unit and a needle valve rate controller 
respectively as shown in Figure V-2. To take flow rate readings, a 
rotometer was connected between the vertical column outlet and the inlet 
to the rate controller. A dispersant feeder was also used to maintain a 
constant flow of sodium hexa-raeta-phosphate at approximately 0.1 mg/1. 
To operate the elutriator, the water was allowed to rise inside 
the separation column up to a level below the suspension inlet connection. 
The suspension was then prepared using the same procedures as in the first 
method; however, a larger amount of minusil was used per each run (1000 
gm/run). The dispersed minusil was transferred to the separation column 
through the inlet cone and an upward flow of tap water was started at a 
very low rate. The pressure regulator's outlet was adjusted to 5.0 psi, 
and feeding of the dispersant solution was started. At the same time, 
the rate controller chamber was filled with tap water and the outlet 
needle valve was kept shut. As soon as the water overflowed the 
separation column and started flowing into the rate controller chamber, 
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the needle valve was gradually turned on until the selected flow rate 
was reached. 
After 3 to 4 hours of elutriation, the flow rate was stopped and 
the minusil suspension was withdrawn through a bypass line attached to 
the bottom of the separation column. The contents of the bottom one-
third of the separation column, believed to include the larger sized 
particles, were therefore wasted. The contents of the. middle third were 
then collected mixed and with distilled water in one of the two large 
suspension tanks using the propeller mixer which was left running 
continuously. In order to obtain enough elutriated minusil for one full 
tank, the above elutriation process was repeated three or four times. 
Each time the elutriated suspension was transferred to the large in­
fluent suspension tank until a desired influent turbidity was reached. 
In the second elutriation system, it was possible to resolve all 
the design problems encountered in the first one. The system pressure, 
flow rate, and dispersant feed rate were maintained constant during each 
elutriation run. Also, fewer elutriation runs were needed to produce 
the required amount of suspension for filtration experiments. However, 
in spite of this limited success, it was not possible to achieve a complete 
separation of the desired particle size range, nor to achieve reproducible 
influent particle size results for each elutriation run. 
PRESSURE REGULATOR. 
DISPERSANT FEEDER. 
SEPARATION COLUMN. 
SUSPENSION INLET CONE 
ROTOMETER. 
RATE CONTROL CHAMBER. 
SAMPLING POINT. 
COLLECTION OF MINUSIL 
INLET 
Fig. V -2. Schematic diagram of the second elutriation column 
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APPENDIX VI; TYPICAL DATA FROM ONE EXPERIMENTAL FILTRATION 
RUN COLLECTED WHILE FILTERING MINUSIL 
Table VI-1. Saleh's filtration run 10 
Turbidity 
NTU Piezometer Readings (m) 
Time 
hr. 
Influent Effluent 
C 1 2 3 4 5 6 7 
0 70 52 4.206 4.212 4.218 4.224 4.230 4.236 4.242 
2 68 47.5 4.015 4.021 4.028 4.035 4.043 4.052 4.060 
6 71 53 3.723 3.731 3.739 3.750 3.758 3.765 3.777 
9 85 18 3.301 3.309 3.320 3.333 3.345 3.360 3.380 
12 65 30 2.940 2.955 2.970 2.987 3.018 3.028 3.047 
15 69 36 3.772 3.787 3.805 3.820 3.838 3.860 3.887 
17 88 51 3.729 3.746 3.765 3.780 3.798 3.826 3.856 
18.5 91 59 2.123 2.139 2.159 2.178 2.203 2.233 2.265 
22 39 30 4.061 4.075 4.091 4.115 4.138 4.169 4.202 
Q = 10 gpm/ft^. 
Polymer dose 1.0 mg/1. 
Percol LT-22. 
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Ç_ 
8 9 10 11 12 13 14 15 16 (m) 
4. 248 4. 254 4. 260 4. 266 4. 272 4 .278 4, .284 4, .290 4. 302 0. 096 0. 74 
4. 069 4. 078 4. 088 4. 099 4. 112 4 .127 4 .145 4 .185 4. 245 0. 230 0. 70 
3. 787 3. 798 3. 810 3. 836 3. 865 3 ,900 3 .938 3 ,975 4. 170 0. 442 0. 08 
3, 400 3. 420 3. 450 3. 490 3. 535 3 .585 3 .620 3 .670 3. 821 0. 520 0. 21 
3. 070 3. 103 3. 143 3. 180 3. 212 3 .250 3 .284 3 .330 3. 488 0. 540 0. 46 
3. 921 3. 952 3. 986 4. 022 4. 057 4 .104 4 .148 4 .201 4. 379 0. 607 0. 52 
3. 887 3. 920 3. 967 4, 006 4. 047 4 .086 4 .138 4 .200 4. 383 0. 654 0. 58 
2. 298 2. 334 2. 372 2. 413 2. 456 2 .502 2 .551 2 .619 2. 831 0. 708 0. 65 
4. 231 4. 261 4. 299 4. 339 4. 380 4 .418 4 .465 4 .520 4. 731 0. 650 0. 77 
Table VI-2. Influent and effluent particle count for Saleh's run 10 
Sample 
Iden. 
Avs . No. of Particles in Channel No. (No/30 ml Sample) 
1 2 3 4 5 6 7 
S^ Eff 6187 27365 20842 25527 27308 27966 78771 
S^ Inf 4589 20982 17440 20022 21000 21178 59252 
Eff 4652 21146 16562 19802 20848 21349 59516 
Sg Inf 3801 17474 14349 16872 17535 17588 49233 
S Eff 51882 123395 84943 94047 71857 44618 44676 
Inf 25222 39921 25550 25901 23545 21309 51712 
S4 Eff 58027 136072 93574 98167 68400 37336 31060 
S4 Inf 6252 26735 19872 24493 25358 25336 69025 
S^ Eff 64241 140394 96699 99037 65405 33583 25027 
S^ Inf 4588 20848 15847 19547 20489 20613 56546 
S* Eff 55295 126178 87003 92759 67366 39246 38103 
Sg Inf 4784 21039 16128 19640 20457 20591 56790 
S^ Eff 38570 92497 62554 69368 56349 40118 58154 
S^ Inf 3815 17068 13435 16103 16735 16826 45625 
Sg Eff 120,602 216,173 110,353 59,604 16,114 3411 1064 
Sg Inf 40,826 118,846 89,915 107,250 88,593 52,038 33,242 
S9 Eff 122,804 219,614 115,385 65,282 17,708 3,538 941 
S 9 Inf 45,861 130,451 98,363 116,014 87,560 42,542 18,405 
SioEff 112,637 212,788 122,623 79,527 24,882 5,301 1,329 
S^^Inf 51,561 138,810 104,010 119,623 84,025 37,182 14,525 
S^zEff 87,297 187,487 125,132 107,417 47,160 13,075 3,748 
S^^Inf 39,014 112,264 85,144 107,803 94,531 59,766 40,542 
Sj^Eff 79,253 174,734 122,911 116,102 59,300 18,786 5,903 
S^^Inf 39,708 114,114 86,722 109,958 97,592 62,700 44,232 
S^Eff 69,762 162,904 177,047 121,502 73,946 29,225 11,670 
Si^Inf 39,754 144,314 86,417 110,584 101,256 68,437 52,580 
SlsEff 72,631 176,362 125,875 127,982 73,164 26,438 9,436 
S^glnf 41,364 120,814 91,398 117,530 108,452 75,130 58,943 
SieEff 61,778 151,957 112,026 125,744 89,690 44,460 25,440 
314 
8 9 10 11 12 
156071 44021 1278 41 3 
143460 88387 8837 756 220 
143333 85138 8608 542 6 
124628 100115 18691 2631 40 
11198 863 162 109 71 
109434 92053 29469 12660 2794 
7740 1675 710 755 863 
140672 67299 9196 1988 184 
5092 461 59 23 5 
129962 88012 17685 4509 498 
15002 3645 834 352 83 
132379 87288 14356 2536 139 
48082 20770 6955 4424 2290 
111792 104224 32637 11228 1329 
46.3 6 1.3 3.3 2.6 
1378 16.33 7.6 7.0 5.0 
54.7 5 3.3 1.7 2 
261 17.3 3.3 3 9 
61.3 10 2.6 3 2.6 
193 7.3 3 2.7 3 
120.7 7.0 0.3 1.7 0.3 
1499 18.3 6.6 3.7 2.3 
143.7 5 1 0.7 1.3 
1663 3.3 0.3 0.3 3.3 
313.3 7 3 4.3 4 
2498 5 2 1.3 2.6 
204 2 0 0 0.3 
2,847 2.7 1 1 1.3 
1,757 178.7 60.7 50.7 25.3 
Table Vl-2. continued 
Sample ^vg. No. of Particles in Channel No. (No/30 ml Sample) 
Iden. Ï 2 3 4 5 6 7 
S Inf 35 ,746 109 ,638 82, 127 107 ,962 105 ,246 81 ,019 80, 022 
71 ,005 163 ,775 119, 373 127 ,039 82 ,506 37 ,002 18, 174 
S^ylnf 43 ,829 123 .171 92, 965 117 ,017 105 ,205 71 ,290 59, 447 
SigEff 14 ,777 52 ,635 38, 803 52 ,263 57 ,555 58 ,316 129, 912 
Siglnf 17 ,054 65 ,984 47, 571 63 ,190 68 ,015 68 ,023 160, 603 
SigEff 14 ,062 46 ,879 34, 373 46 ,099 50 ,490 50 ,666 116, 679 
S^glnf 12 ,178 43 ,363 31, 556 42 ,182 46 ,438 47 ,329 114, 392 
Szcfff 17 ,015 55 ,873 41, 208 55 ,630 60 ,025 58 ,480 120, 097 
S2oInf 12 ,515 43 ,765 32, 194 43 ,054 47 ,252 48 ,246 122, 399 
9 ,775 37 ,402 27, 100 36 ,100 38 ,962 40 ,106 105, 581 
Sjilnf 7 ,037 28 ,067 20, 267 26 ,585 28 ,800 29 ,508 82, 772 
5 .604 23 ,344 16, 955 21 ,814 22 ,853 23 ,528 65, 281 
Sg^Inf 4 ,036 17 ,907 13, 817 17 ,006 17 ,802 17 ,850 50, 077 
316 
8 9 10 11 12 
6,207 89 57 44 47 
811 8 6 3.3 3.3 
4,243 6.3 0.7 0 0.7 
66,277 739 17 6 1.5 
101,983 1120 5 1.5 1 
71,153 1287 20 7 3.5 
86,194 2682 59 17.5 8 
54,782 664 12 3.5 5 
103,402 3324 21.5 8.5 3 
124,577 10,988 129 6 2.5 
142,474 27,300 536 18.5 6.5 
142.695 68,067 6124 559 13 
124,489 93,415 15,361 2,224 119 
Table VI-3. Ratios of eff./inf. particle count for Saleh's run 10 data 
Sample ; Ratio of Eff./Inf. Particle Count in Channels 
// 1 2 3 4 5 6 7 8 9 10 13 12 
1. 348 1. 304 1. 195 1. 275 1. 300 1. 321 1. 329 1. 088 0. 498 0. 145 0. 054 0. 014 
^2 1. 224 1. 210 1. 154 1. 174 1. 189 1. 214 1. 209 1. 150 0. 850 0. 461 0. 206 0. 150 
S3 2. 057 3. 091 3. 325 3. 631 3. 052 2. 094 0. 864 0. 102 0. 009 0. 005 0. 009 0. 025 
S4 9. 281 5. 090 4. 709 4. 008 2. 697 1. 474 0. 450 0. 055 0. 025 0. 077 0. 380 4. 690 
S5 14. 002 6. 734 6. 102 5. 067 3. 192 1. 629 0. 443 0. 039 0. 005 0. 003 0. 005 0. 010 
^6 11. 558 5. 997 5. 395 4. 723 3. 293 1. 906 0. 671 0, 113 0. 042 0. 058 0. 139 0. 597 
S7 10. 110 5. 419 4. 656 4. 308 3. 367 2. 384 1. 275 0. 430 0. 199 0. 213 0. 394 1. 723 
Sg 2. 954 1. 819 1. 227 0. 556 0. 182 0. 066 0. 032 0. 034 0. 368 0. 171 0. 473 0. 520 
Sg 2. 678 1. 683 1. 173 0. 563 0. 202 0. 083 0. 051 0. 210 0. 289 1. 000 0. 567 0. 222 
^11 2. 185 1. 533 1. 179 0. 665 0. 296 0. 143 0. 091 0. 318 0. 137 0. 867 1. 111 0. 867 
^12 2. 238 1. 670 1. 470 0. 996 0. 499 0. 219 0. 092 0. 081 0. 383 0. 045 0. 459 0. 130 
Sl3 1. 996 1, 531 1. 417 1. 056 0. 608 0. 300 0. 133 0. 086 1. 515 3. 333 2. 333 0. 394 
Sl4 1. 755 1. 425 1. 354 1. 099 0. 730 0. 427 0. 222 0. 125 1. 400 1. 500 3. 308 1. 538 
^15 1. 756 1. 460 1. 377 1. 089 0. 675 0. 352 0. 160 0. 072 0. 741 0. 000 0. 000 0. 231 
^16 1. 728 1. 386 1. 364 1. 165 0. 852 0. 549 0. 318 0. 283 2. 008 1. 065 1. 152 0, 538 
^17 1. 620 1. 330 1. 284 1. 086 0. 784 0. 519 0. 306 0. 191 1. 270 8. 571 0. 000 4. 73 4 
^18 0. 866 0. 798 0. 816 0. 827 0. 846 0. 857 0. 809 0. 650 0, 660 3. 400 4. 000 1. 500 
Sis 1. 155 1. 081 1. 089 1. 093 1. 087 1. 071 0. 020 0. 825 0. 480 0. 339 0. 400 0. 438 
^20 1. 360 1. 277 1. 280 1. 292 1. 270 1. 212 0. 981 0. 530 0. 200 0. 558 0. 412 1. 667 
^21 1. 389 1. 333 1. 337 1. 358 1. 353 1. 359 1. 276 0. 874 0. 402 0. 241 0. 324 0. 385 
^22 1. 389 1. 304 1. 227 1. 283 1. 284 1. 318 1. 304 1. 146 0. 729 0. 399 0. 251 0. 109 
